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Abstract-- For a given  -coloring of a graph          , a dominating set        is said to be dom-colouring  set if it con-

tains at least one vertex from each colour class of G. The dom-chromatic number is the minimal cardinality taken over all dom-

colouring sets and is denoted by       . In this paper we have obtained the dom-chromatic number of various types of graphs 

like star graphs, windmill graphs, ladder graphs, comb graphs and for cycles.  
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I. INTRODUCTION  

In graph theory, coloring and dominating are two important 

areas which have been extensively studied. Domination has 

many other applications in the real world. In 1958, domina-

tion was formalized as a theoretical area in graph theory by 

C. Berge [1]. He referred to the domination number as the 

introduction co-efficient of external stability and denoted it 

as        In 1962, Ore was the first to use the term ”domina-

tion” for undirected graphs and he denoted the domination 

number by      and also he introduced the concepts of min-

imal and minimum dominating sets of vertices in a graph[2]. 

In 1977, Cockayne and Hedetniemi was introduced the ac-

cepted notation       to denote the domination number[3]. 

The book by Haynes, Hedetniemi and Slater depicts the ap-

plication of the concept of domination in  dominating 

queens, sets of representatives, school bus routing, computer 

communication networks, (r, d)-configurations, radio sta-

tions, social network theory, landing surveying, kernels of 

games etc. [7, 8] 

II. PRELIMINARIES 

 

Definition 2.1 [4, 9] Let           be a graph. A subset 

    of a graph G is called the dominating set, in which 

each vertex of G, is either in D or adjacent to some vertex in 

D 

Illustration  

 

 

Figure 1:    Graph G with 6 vertices and 7 edges 

In the above graph {1, 4, 6} and {1, 5} are some dominating 

sets. 

Definition 2.2 The minimum size of a dominating set of ver-

tices of a graph G is called the domination number of G. It is 

denoted by     .  

For the graph in Figure 1, the set {1, 5} is the minimal dom-

inating set and hence the domination number is 2. 

The dominating set problem aims in finding the minimum 

dominating set of a graph G and such a set is called the  -set 

of G. 

Definition 2.3 [5, 6]  A coloring of a graph G is an assign-

ment of colors to its vertices so that no two adjacent vertices 

have the same color. The set of all vertices with any one 

color is independent and is called a color class. A graph 

which uses k- colours is called k- colouring. The chromatic 

number  (G) is defined as the minimum k for which G has a 

k-coloring. 

 

Definition 2.4 For a given  -coloring of a graph 

          , a dominating set        is said to be dom-

colouring  set if it contains at least one vertex of each colour 

class of G. 

In Figure 1, colour the vertices 1 and 6 with colour red, the 

vertices 2 and 5 with     colour blue and the vertices 3 and 4 

with colour green. Thus the chromatic number of that graph 

is 3 and the graph uses colours red, blue and green. The col-

our classes of Figure 1 is given by  {1, 6}, {2, 5} and {3, 4} 

whose vertices are coloured with red, blue and green respec-

tively. 

Some of the dominating sets of the graph in Figure 1 is {1, 

5}, {1, 4, 5} and {1, 3, 5, 6} of which the set {1, 5} is mini-
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mal. But this set does not contain at least one vertex from all 

colour class. Thus it is not a dom-colouring set. But the sets 

{1, 4, 5} and {1, 3, 5, 6} has at least one vertex from each 

colour class. Hence they form the dom-colouring sets of that 

graph. 

Definition 2.5 The dom-chromatic number is the minimal 

cardinality taken over all dom-colouring sets and is denoted 

by        . 

For the graph in Figure 1, {1, 4, 5} is the minimal dom-

colouring set and thus the dom-chromatic number of that 

graph is         . 

III. RESULTS AND DISCUSSION 

3. DOM-CHROMATIC NUMBER OF STAR GRAPHS 

Definition 3.1 A star graph is a complete bipartite graph 

     in which the value of m is        constant and is 1. 

Theorem 3.1 For all star graphs G denoted by          ,  

i.          

ii.              

Proof: Let G be any star graph           Let the vertices 

of the partite sets be labeled as      which belongs to the 

first partite set and              which belongs to the se-

cond partite set. Since      is a complete bipartite graph,    

is adjacent to all the vertices          . Hence the vertex 

   forms the minimum dominating set D of G (i.e)   

    . Therefore  (    )     But   does not contain atleast 

one vertex from each colour class. So have to include anoth-

er vertex from the other partite set. Hence             

  is the minimum dominating set which contains at least one 

vertex from each colour class. Thus    (    )   . Since 

 (    )    and     (    )   , we have   (    )  

   (    )  for all n. See Figure  2. 

 

 

                         
 

 

Figure 2:   (    )        (    )    

4. DOM-CHROMATIC NUMBER OF COMB GRAPHS 

Definition 4.1 [12]   A graph obtained by attaching a single 

pendant edge to each vertex of a path    is called a comb 

graph and is denoted by   
 . It consists of    vertices and 

     edges. 

Theorem 4.1[4] For any path Pp   with     vertices,  

   (  )   (  )  ⌈
 

 
⌉  

 

Theorem 4.2 Let G be a comb graph   
 . Then         

   for all p. 

Proof: Let G be any comb graph   
  with    vertices where 

   . Let the vertices of G be   labeled as {           

          } where            represent the vertices of 

the path    and             represent the vertices of the 

pendant edges. See Figure 3. 

 

 

 

 

 

 

Figure 3:  Comb graph   
  

Now colour the vertices of the path with colours 1 and 2 

alternatively from left to right and the vertices of the pendant 

edges with colours 2 and 1 alternatively from left to right. 

By Theorem 4.1,    (  )   (  )  ⌈
 

 
⌉. Inorder to find the 

minimum dominating set of the comb graph   
 , we have to 

include the pendant vertices of   
  which are not adjacent to 

the vertices that are already taken in the dominating set of 

the path   . Here two cases arise.  

Case 1: When p is a multiple of 3. 

By Theorem 4.1    (  )   (  )  
 

 
. The minimum domi-

nating and the dom-colour set of    is {         
 

 
}.  

Let    {                 
 

 
} be the minimum dom-

inating set of the pendant vertices of    
 . Hence the mini-

mum dominating set of    and    form the dom-colouring 

set of   
 . That is it contains atleast one vertex of each col-

our class of the given graph.          (  
 )     (  )  

|   |  
 

 
  (

 

 
)       

Case 2:  p is not a multiple of 3. 

Consider the largest vertex induced subgraph    of   
  of 

order        with vertices                     . Let 

the number of vertices of     be          . Let      
    be the minimum dominating set of   

  where    
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{                       ⌊
 

 
⌋} is the minimum domi-

nating set of    and      is the minimum dominating set of 

               .. Here two cases arise to find    . 

Subcase (i)             

Let            be the minimum dominating set of     . 

Therefore the minimum dominating set of    
  is       

    {                       ⌊
 

 
⌋}       form a 

dom-colouring set. Hence    (  
 )  | |  |      |  

 ⌊
 

 
⌋       See Figure 4. 

Subcase (ii) )             

Let                  be the minimum dominating set of 

   . Therefore the minimum dominating set of    
  is  

         {                       ⌊
 

 
⌋}  

            form a dom-colouring set. Hence    (  
 )  

| |  |      |   ⌊
 

 
⌋       

Illustration 

 

 

    

 

 

 

 

Figure 4:  Comb graph   
  

   The dominating set of the graph in Figure 4 is 

{            } which is also equal to its minimum dom-

colouring set and hence             

5. DOM-CHROMATIC NUMBER OF LADDER 

GRAPHS 

Definition 5.1 [10]  A ladder graph denoted by Ln is a pla-

nar undirected graph with 2n number of vertices and 3n-2 

edges. The ladder graph can be obtained as the cartesian 

product of 2 path graphs, one of which has only one edge. 

Ladder graphs are symbolically written as                   
     . 

Remark 5.1 For convenience we label the vertices of the 

paths of     as                and                  . 

See Figure 5. 

 

 

 

 

 

 

 

Figure 5: Ladder Graph L8 

Theorem 5.1 Let G be a ladder graph Ln with 2n vertices 

and 3n-2 edges. Then          {
⌈
 

 
⌉                         

⌈
 

 
⌉                   

  

Proof: Let G be a ladder graph    with 2n vertices and 3n-2 

edges. Let                     and            

           be the two paths of   . Colour the vertices in 

the path    of    with colours 1 and 2 alternatively and the 

vertices in the path    of    with colours 2 and 1 alternative-

ly from left to right. The following cases arise in finding the 

dominating set of    . 

Case 1:       , where k is any integer.  

The dominating set                           ⌈
 

 
⌉ is 

a minimum dominating set containing at least one vertex 

from each colour class. 

   The cardinality of            ⌈
 

 
⌉  ⌈

 

 
⌉ 

 

                           ⌈
    

 
⌉  ⌈

    

 
⌉ 

 

                                         ⌈  
 

 
⌉  ⌈  

 

 
⌉ 

                                                

                     (
   

 
)  

   

 
 

 

 
 

 

 
 ⌈

 

 
⌉,                    

(since n is odd) 

Case 2:      , where k is any integer. 

 The dominating set   {                      ⌈
 

 
⌉}  

        is a minimum dominating  set containing at least 

one vertex from each colour class.  

    The cardinality of             ⌈
 

 
⌉    

Case 3:       , where k is any integer.  

The dominating set                            

    ⌈
 

 
⌉ is a minimum dominating set containing at least 

one vertex from each colour class. 

  The cardinality of              ⌈
 

 
⌉  ⌈

 

 
⌉ 

         ⌈
    

 
⌉  ⌈

    

 
⌉    ⌈  

 

 
⌉  ⌈  

 

 
⌉ 
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                    (
   

 
)    

   

 
  

                                         
 

 
 

 

 
 

 

 
 

 

 
 ⌈

 

 
⌉       (since 

n is odd)                                                                          

Case 4:       , where k is any integer.  

The dominating set        {                   

    ⌈
 

 
⌉}        is a minimum dominating set containing 

at least one vertex from each colour class. 

  The cardinality of           ⌈
 

 
⌉   . 

 

 6. DOM-CHROMATIC NUMBER OF WINDMILL 

GRAPHS 

Definition 6.1 [11] The windmill graph   
   

 is a graph 

obtained by taking m copies of the complete graph    with a 

vertex in common. 

 

 

 

 

 

Figure 6: Windmill graph   
   

 

In Figure 6, the vertex    adjacent to all other vertices is 

coloured with colour 1 and the vertices             in the 

copy are coloured with colours 2, 3, 4. 

Theorem 6.1 For all windmill graphs    
   

,     (  
   

)  

   

Proof:  Let G be a windmill graph    
   

 with         

   vertices. Let the vertices be labeled as              for 

each m copies of the complete graph. Let    be adjacent to 

all the vertices of G. Let this vertex be coloured with colour 

1. Consider one copy of the m complete graphs of    
   

  

Since the vertices of this copy are connected to every other 

vertex present in the same copy, colour each such vertex 

           with distinct      colours (leaving the vertex 

   that is already coloured). The same colouring is repeated 

for the remaining        copies of   
   

   Clearly   

     is the minimum dominating set of G. But this does not 

contain at least one vertex from each colour class. So we 

have to include the remaining          vertices of any one 

copy of the complete graph. Thus we get            

         which is the minimum dominating set which con-

tains at least one vertex from each colour class. Hence 

   (  
   

)   Cardinality of D           . 

 

7. DOM-CHROMATIC NUMBER OF CYCLE 

GRAPHS 

Definition 7.1 A closed walk               in which     

and              are distinct is called a cycle of length n. 

The cycle consisting of ‘n’ vertices is denoted by    . 

Remark 7.1 For convenience we label the vertices of    as 

1, 2, …..,n in the clockwise direction.  

Theorem 7.1 Let G be a cycle     of length       

Then         ⌈
 

 
⌉. 

Proof: Let    be labeled as            in the clockwise 

direction. 

Case 1: When n is odd 

Colour the first vertex of the cycle with colour a. Choose 
   

 
  number of vertices in both clockwise and anticlockwise 

direction and colour the vertices alternatively with colours b 

and a. The remaining last two vertices are coloured with 

either colours c and a or c and b in the clockwise direction. 

That is, if the vertices adjacent to the last two vertices are 

coloured a then use colours c and b, or of the vertices adja-

cent to the last two vertices are coloured b, then use colours 

c and a. 

Since each vertex in a cycle is adjacent to exactly two verti-

ces, the vertices in a cycle are considered in sets of three to 

form the minimum dominating and dom-colouring sets. Here 

3 cases arise. 

Subcase (i) When            we have         .  

The set                        . (i.e)   

{          
 

 
} is the minimum dominating set of     

Clearly D contains at least one vertex from each colour 

class. Hence          
 

 
. 

Subcase (ii) When            we have        
    and n is odd.  

The set    {                   

 

}  {    

 

}  

{    

 

      

 

      

 

        } is the minimum dominat-

ing set of     Clearly D contains at least one vertex from 

each colour class.  

Hence         
 

 
   

 

 
 

  

 
       

                         
   

 
   

   

 
 

 

 
 

 

 
 ⌈

 

 
⌉. 

Subcase (iii) When            we have        
    and n is odd.  
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The set    {                     

 

}  {    

 

}  

{    

 

      

 

      

 

        } is the minimum dominat-

ing set of     Clearly D contains at least one vertex from 

each colour class.  

Hence         
   

 
   

   

 
 

  

 
       

                           
   

 
   

   

 
 

 

 
 

 

 
 ⌈

 

 
⌉. 

Case 2: When n is even 

Colour the first vertex of the cycle with colour a. Choose 
   

 
  number of vertices in both clockwise and anticlockwise 

direction and colour the vertices alternatively with colours b 

and a. The remaining last vertex 
 

 
   is coloured with ei-

ther colours b or a. That is, if the vertices adjacent to 
 

 
   

is coloured with colour a then 
 

 
     vertex is coloured 

with b and vice versa. 

Since each vertex in a cycle is adjacent to exactly two verti-

ces, the vertices in a cycle are considered in sets of three to 

form the minimum dominating and dom-colouring sets. Here 

3 cases arise. 

Subcase (i) When             we have          

and n is even.  

The set                         . (i.e)   

{          
 

 
} is the minimum dominating set of     

Clearly D contains at least one vertex from each colour 

class. Hence          
 

 
. 

Subcase (ii) When            we have        
    and n is even.  

The set    {                 

 
  }  {  

 
  }  

{  

 
     

 
     

 
          } is the minimum dominating 

set of     Clearly D contains at least one vertex from each 

colour class.  

Hence          
   

 
   

   

 
 

  

 
       

                           
   

 
   

   

 
 

 

 
 

 

 
 ⌈

 

 
⌉. 

Subcase (iii) When            we have        
    and n is even. 

 The set    {                   

 
}  {  

 
     

 
   

  

 
  

        } is the minimum dominating set of     

Clearly D contains at least one vertex from each colour 

class.  

Hence         
 

 
   

 

 
 

  

 
       

                          
   

 
   

   

 
 

 

 
 

 

 
 ⌈

 

 
⌉. 

 

IV. CONCLUSION  

The concepts on domination number and dom- chromatic 

number has been discussed in this paper. The results have 

been extended to various types of graphs like Star graphs, 

Windmill graphs, Ladder graphs, Comb graphs and for Cy-

cles.  
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