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Abstract— In this paper, we prove the existence of proper d — lucky labeling of the arbitrary super subdivision of some new
family of graphs (P,, : Q3)and [P, : Cflz)]graphs and their proper d- lucky numbers are obtained.
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l. INTRODUCTION

In recent years, graph labeling is one of the most popular
active research area in Graph Theory. It is an assignment of
labels to the vertices or edges or both, subject to certain
constraints. The concept of d- lucky labeling of graphs was
introduced by Mirka Miller et al[7] . It is defined as a
function I: V(G) — N, the vertices of G are assigned by
positive integers. Define c(u) =¥ ey [(v) + d(u) where
d(u) denotes the degree of the vertex u and N(u) denotes the
open neighborhood of u. The labeling is said to be d- lucky if
c(u) # c(v) for every adjacent vertices u and v. The d-lucky
numbers for certain graphs are obtained in [1,2,7].The proper
lucky number of mesh and it’s derived architectures were
studied by KinsYenoke et.al[6]. Esakkiammalet.al[3]
introduced the concept of proper d-lucky labeling and is
defined as follows:A d-lucky labeling is called proper if [
(u) # I (v) for every adjacent vertices u and v. The proper d-
lucky number of a graph is the least positive integer k such
that the graph G has a proper d- lucky labeling with {1,
2,...,k} as the set of labels and is denoted by npu(G) . The
proper d- lucky number for the arbitrary super subdivision of
(B, : Spand (B, : C,) graphs were obtained[3].In this
paper the proper d-lucky numbers for the arbitrary super
subdivision of (P, : Qz)and [ B, : C,(lz)] graphsare
obtained. The following definitions are prerequisites for the
present investigation.

A graph is said to be an arbitrary super subdivision of a
graph G if it is obtained from G by replacing each edge e; by
a complete bipartite graph K 4, (where M;is any positive
integer and may vary for each edge arbitrarily) in such a way
that the ends of each edge e;are merged with the two vertices
of 2-vertices part of K; y, after removing the edge from G
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and it is denoted by ASS(G). The cubical graph Qs is a 3-
regular graph with 8 vertices.Also the friendship graph C,(lz)
is obtained from two copies of C, with the common vertex
u;; = vj;, Where the vertices of first copy are denoted by
Ui Ui, Uy and the vertices of second copy are denoted
by vy v, Vi . For all terminologies and notions one may
refer [4,5].

Il.  MAIN RESULTS

A. Structure of arbitrary super subdivision of (B, : Q3)
graph

Let (B, : Q3;) be a graph obtained from the path graph
P, and m+1 copies of cubical graph Qs by joining the
vertex u; in B, with the vertex v;; in the i" copy of Q5 by
an edge for 1< 1 < mtl, where vertices of
P, are uy,u,,..., Uy, and the vertices of i" copy Q5 are
Vi1, Via, ..., Vig - The vertex set and the edge set of ( B, :
Q) are as follows.

V(B : Q3))={uinvij/1§i5m+l; 1§j58};

E((Pn: Q3))={ei=wugsny/ 1Si<m} U{epy = w vy /
I< i < mtl} U{ezmerzi-114j = Vij Vigen/1 <1< m+
1;,1<j < 4 for j=4 the subscript j+1 reduced to 1}
U {eam+12i-7+j = Vigj+a) Vig+s) /1S 1 < mtl; 1< j < 4,for
j=4 the subscript j+5 reduced to 5} U { e;mi12i-3+j =
Vij Vij+a) § /1S 1<mtl; 1<j<4}.This (B, © Q3) graph has
9(m+1) vertices and 14m+13 edges.
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Figure 1. Structure of (P, : Q3) graph

The arbitrary super subdivision of ( B, : Qs ) graph is
obtained from ( B,, : Q3 ) graph in such a way that each edge
e; of (B, : Q3) graph is replaced by K, , where M;e N,
1< i <14m+13. This graph is denoted by ASS (( B, : Q3)).
The vertex set and edge set are given as follows:

V (ASS((Ppn i Q3)) = {u; vy /1S i < m+l; 1< j < 83U
{ufyy 1<i<m 1<k <M u{ @) /1<i<m+l; 1<k
<My Ju{w® 1< i<mtl; 1<) <4 1<k <
Mams1zirj—s} ULV 1< i < mHl; 1§ < 4 51< k <

ij
k . .
Mamzisj-11} ULV s/ 151 < mtl; 1< § < 41< k

INA

Mymi12i4j-7}

E(ASS (P, : = u® u® u/1<i<m; 1<
( ((Pn t Q3))) {ului(i+1):ui(i+1)uz+1 S1=>m; 1=

k<M }u{u @)™, @)Pv, 7 1<i < mHl; 1<k <

Mm+i}U {Vij vi(jk); Vi(]-,()vi(j+1)/1§i§m+l; I£j<3;1<k<

K (k .
Mami1z2isj-11 1Y {Via Ui(‘;),vi(‘;)vu N< i < mtl; 1< k <
K K .
Mymi12i-7} Ui+ vi((j)+4.) 'vl‘((j)+4)vi(j+5) /1<i<mtl; 1<
K < Mymyrziejr 15§ < 330w v, vl /1< i < m1;

ig
k) (k . .
1Sk < My 1213 3U{v;j Wl‘(j )'Wi(j )Ui(j+4) /I<i<mtl; 1<)
<451k < Mymyazivj-st-

This graph has 9(m+1) + YL4m+13
2(THmH13 ) edges.

vertices and
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Figure 2. Structure of ASS(( P, : Q5)) graph

Here m = 2 M= 2, M,= 2, M3= 1, M,= 1,Ms= 1, M¢= 3,
M,= 2, Mg= 3,My= 2, My,= 1, M= 2, My,= 1,M 5= 2,
Myy= 1, Mys= 1, Myg= 3,My7= 2, Myg= 2, Myo= 3,M5,=
2,My= 2, My,= 2, My3= L, M,,= 2, Mye= 1, Mye= 1, M,,=
2,Myg= 2, Myo= 1, M3q= 2, M3,= 3,M3,= 2, M33= 3, M5,= 2,
Mgs=1,M36= 2, Mg;= 1, M3g=1, M39= 2,M o= 2,M,,= 1.

Algorithm 2.1.Proper d-lucky labeling of ASS (( P,, :
Q3)) graph

Procedure. Vertex labeling of ASS ((P,, : Q3)) graph
Input. ASS (( B, : (3)) graph

Ve{u; v;; /1<i<mtl; 1<j < 8}U {ui(éci)ﬂ) fl=i=m; 1=k
<MIU{@)® I<i<mil; 1<k < My, Ju vl /1<
ismtl; 1€j<4 ;1<k< M2m+12i+j—11}U{vi((kj)+4)/ Isis
mtl 1<) <45 1S kS Mppyrgi o} U{w(? /1< <
m+1; 1< <4 ;1SKk< Mypmy2i4j-33

fori=1tomdo

fork=1to M; do

ul.(z.)Jrl) « k+1;

end for

end for

fori =1 to m+1 do

u; <1,

forj=1to8do
Vi < 1;

end for
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fork=1to M,,,; do
(uv)l(k) « k+1;

end for

forj=1to4do

fork=11t0 My 112i4j-11 dO

vi(jk) « k+1;

end for

fork=11t0 My 112i4j-7 doO

®) .
Vitjaa) < k+1;

end for

fork=110 My 412i4j-3 dO

wl.(;c) « k+1;
end for
end for
end for
end procedure

Output: The vertex labeled ASS (( B,, : Q3)) graph.

Theorem 2.1.The arbitrary super subdivision of (B,, : Q3)
graph admits proper d- lucky labeling and the proper d-
lucky number is

Mol (ASS((Pn:Q3))) =max{M;/ 1< i <14m+13}+1 .

Proof. Consider ASS (( B, : Qs)) , the arbitrary super
subdivision of (B, : Q) graph whose vertices and edges
are given as in structure 2.1. The vertices of ASS (( B, :
Q3)) graph are labeled by defining a function I:VV(ASS(( B,, :
Q5)))— N as given in the algorithm 2.1. Clearly all the
adjacent vertices have distinct labels. Hence the graph is
properly labeled. The degrees of the vertices are:

d (ul) = M1+ Mm+1;d (um+1) = Mm+ M2m+1;
FOI' 25 l < m, d (U.L') = ML'—1+ML'+Mm+i;

For I<i<m, Isk<M;,d (utgéci)Jrl)

)=2
For 1I<i<m+l, 1<k <M,,,; ,d ((uv)lgk)) =2

For ISi<m+1,d (V1) = My + Mamya2i-10 + Momerziort
Mymi12i-2;
For 1< i <mtl, 2<j <4, d (v ) = Mymyrzivj—12+

Mymi1zisj—11t + Momyazisj-3;
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For 1< i < mt+l, 65 J < 8, d (vij ) = M2m+12i+j—12 +
Mymi1zivj-11Mamp12i4j-7;
For 1€ i < mtl, d (vs ) =

Mymi12i-3tMomy12i-2;

Mymi12i-e

For 1<i<mtl, 1<j <8, 1SK < Maparzigjoas d () = 2

For 1<i<mtl, 15 <4, 1SKS Mypmyroiejozi d (W) =2
Now c (u) 's are calculated as follows:

C(uy) =5 (M + My +5(My + My.))

C(Uma1) =5 (ME + M3y + 5(Myy + Myos))
For2<i<m, c () =% (ME, + MZ + My + 5(Mi_y + M,
+Mp1i)) ;

Forl<i<m,1< k < M;, ¢ (ui(é(i)-f—l)

)=4;
For I<i<m+l, ISk < My ¢ (w)?)=4;
For 1<i<mtl,

_1 2 2 2 2
c(vy)= Py (Mt Mami12i-10 YMamet12i—7t Mamy12i—2t

S(Mptit Mami12i—10 *Mams12i-7+Mams12i-2));
For Ifi<m+l, 2<j <4,
-1 2 2 2
c(vy)= 2 (M3mi12ivj-12 ¥ Mamerziej—11 + Mamsr2iej-3t
S(Mams1z2ivj—12 + Mami1zitj—11F Mams12i4j-3));

For I<i<m+l, 65j <8,

_ 1 2 2 2
¢ (v) = 2 (M3ms1zitj-12 + Mayms1zisj—11 ¥ Mami12isj—7
+

5(Mams12i4j-12 *Momstzitj—11  +Mami12i4j-7));

For 1<i<m+l1,
-1 2 2 2
C(is) = 5 Mimirzi-6 t Mamirai-z ¥ Mimyrziz +
S5(Mami12i—6 + Mamir2i-3tMami12i-2));
. . K
For 1<i<m+1, 1<j < 8,1<k < Mypmy1aisj_11,C (vl.(j N=4;

For 1<i<mtl, 1<) <4,1< k< Myppi4j-3, € (W) = 4;

Thus ¢ (u) # ¢ (v) for every uv € E, Therefore ASS (( B, :

Q3)) is a proper d- lucky labeled graph and 1pq(ASS (( Py, :
Q3))) =max{M;/1 < i <14m+ 13} + 1.
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Example

1{2e

Figure 3. The proper d-lucky labeled ASS (( P, : Q3))
B. Structure of arbitrary super subdivision of [ B,, : C,SZ)]

Let [B, : C,(lz)] be a graph obtained the path graph B, and
m+1 copies of friendship graph C,(lz) , Where the
vertex u; in B, are merged with the vertex v;; = wu;; in the

i" copy of C,(lz)for 1< 1 < m+1,where the vertices of the path
graph B, are u; u,,...,upn4, and the vertices of i copy

C.,EZ) are U“:uil,vi]' y u”,l <i<m+ 1, 2< ] < n.The
vertex set and the edge set of [ B, : C,SZ)] are as follows.

V ([P : C‘r(12)] ) = { Ui = v = wig, vy, wy /1S 1 <mtl; 2< 5
<n}.

E ([P CP1) = {& = wugey /1< i < mju
{emizn(i-n+j = Wjieny/ 1S 1 < m+l; 1 <j<n}u
{em+n(2i_1)+]' = 171']' 'Ui(]'+1)/ 15 i < m+1, 1 S_] < n},Where
the subscript j=n+1 reduces to modulo n. This [B,, : C,SZ)]
graph has (m+1) (2n-1) vertices and 2n (m+1)+ m edges.

Uss U3

Figure 4. Structure of [ P, © €] graph
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The arbitrary super subdivision of [ B, : C,(lz)] graph is
obtained from [ B,, : C,(lz)] graph in such a way that each
edgee; of [B, : C,SZ)] graph is replaced by K, , where
M;e N, 1< i < 2n(m+1)+m. The vertex set and edge set are
given as follows:

V (ASS( [ B : CP1)) = {wiih
Yufu; =vi =wyy, v/ 1Si<mH]; 2 < < n}U{ug.‘) /11
< mHEIS § <0 12 K S Mygangone 3} U v /120 <
mt1;1<j<n; 1Sk < Mppynei-1)+j)-

/1< i<m; 1< k <M;

e’ _ K K
E(ASS ([ By : Cr(z )] ) )= {w Wi((i?i—l)' Wi((iln
m; 1<k < Mi 1Y) {ui]- ul.(]’.(), ug.c)ui(jﬂ)/ I<i< m+1,1§] <n

K (k
1S k <Mpioni-1)+j Y {VijV( )

(
ij Vi
J< n;1<k< Mm+n(2i—1)+j }1

u(i+1) / 1< i <

L0411 <m+131<
where the subscript j=n+1
reduces to modulo n . This graph is denoted by ASS ([ B, :
¢?1) and has (m+1) (2n-1)+32M M+ - vertices and
2(X2nm+D+m pr ) edges.

i=1

Uy U= Vyy

Uz1 =U= V21

Figure 5. Structure of ASS([ P; : Cf)])graph
Herem=1,n=4, M;=3, M,=1, M3= 3, M,= 3,Ms=1, M¢=
Mi,=1, Mys=3, M= 3, M{;=1.

Algorithm 2.2. Proper d- lucky labeling of ASS ([ P,, :
¢,”1) graph

Procedure.Vertex labeling of ASS ([ B, : C,(lz)] ) graph

88



International Journal of Computer Sciences and Engineering

Input. ASS ([B,, : C¥]) graph
Ve{u; = vy =uyy, v /1S i <mtl; 2 <j < n}U{ul.(;{) /1<
P <mH <5< 1S K S My JO{vS /1< mt 151
< 012K My pn(zic 143U W hey /1S 1 < m; 1<k <
M;}.
fori=1tom+1do

u; <1,

forj=2tondo

u;; <« Ly <1
end for
forj=1tondo

fork=110 My, 2ni-1)+; dO
ug.‘) « k+1;

end for

fork=110 My, 4n2i-1)+; dO

Ui(,-k) — k+1;

end for
end for
end for
fori=1tom
fork=1to M; do

Wi(jk) — k+1;

end for
end for

end procedure.

Output: The vertex labeled ASS ([ By, : € 2]) graph.

Theorem 2.2. The arbitrary super subdivision of [ B, : C,(lz)]
graph admits proper d- lucky labeling and the proper d- lucky
number number is

Moat(ASS( [ By : €$21)) is max{M;/1 < i <2n(m+ 1) +
m}+ 1.

Proof.Consider ASS ( [ B, : C,(lz)]) , the arbitrary super
subdivision of [ B, : Cr(lz)] graph, where each edge e; of
[ P :CP] graph is subdivided by K., Mie N, 1 < i <
2n(m+1)+m. The vertices of ASS( [P, : C{*]) graph are

© 2019, IJCSE All Rights Reserved
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labeled by defining a function L:V(ASS( [B, :C,EZ)]) - N as
given in the algorithm 2.2.Since all the adjacent vertices have
distinct labels, the vertices are properly labeled. The degrees
of the vertices are:

d(u; = uyqy = vy ) =

Mm+2n;

Ml + Mm+1 + Mm+n+ Mm+n+1 +

d( Um+1) = Venen1 = Uenant ) = Mm + Mypenen+t
+Mn(2m+1)+m + Mn(2m+1)+m+1 +

MZn(m+1)+m ;

For2<i<m,

d(u; =viu=up)=Mi_1+ M + My yonii-1)+1 + Mpmionion +
Mm+n(2i—1)+1 + Mm+2ni;

For IS i<mt+l12<j<n,d (u;) =

+Mm+2n(i—1)+j ;

Mm+2n(i—1)+j—1

d (vij) = Mmsn@i-0+j-1 ¥ Mmani-n+j

For 1<i<m, 1Sk <M;,d (win ) =2;

For 1<i<mt1, 1<) <n ;1<K < Mypyangones - d (i) = 2;

For 1<i<mtl, 1<) <n, 1Sk < Myppngaiones - d (0 7) = 2.

Now ¢ (u)’s are calculated as follows:
— — _1 2 2 2 2
C(u =uy =vyy) = > (Mi + Mpyq +Mpynt Mpniq +
2
Mm+2n +

5(M1 + Mm+1 + Mm+n + Mm+n+1+ Mm+2n));

1
C (Um+1 = Uam+1)1 = Vima)1) = > (M7, + Mrzrl(2n+1)+1 +
M2 +M2 +

n(2m+1)+m n(2m+1)+m+1
Mzzn(m+1)+m +5( Mm + Mm(2n+1)+1 + Mn(2m+1)+m +
Mn(2m+1)+m+1+M2n(m+1)+m));
For2<i<m,

1
C (u; =uy =vy) = 2 (MP, + M}?+ Mrzn+2n(i—1)+1 +
M72n+2ni—n + o+ M72n+2ni+ 5(Mi—1+ Mi +Mm+2n(i—1)+1+
Mm+2ni—n + Mm+n(2i—1)+1+ Mm+2ni));

For ISi<m+1,2<j<n,

_ 1 2 2
¢ (wy ) = 5 (Mppan-nej-1 * Miniani-1)+ +
S(Mpns2n(i-1)+j-1 ¥ Mmian(i-1)+5)) 5

_ 1 2 2
c (vy ) = > (Mm+n(2i—1)+j—1 t Moini-+j +

S5(Mpini-1+j-1 ¥ Mimsni-0+j))
ForlI<i<m,I<k<M;,c (wi((’gll)) =4;

For 1<i <mt1, 1<j <0, 1Sk < Mypyan-ny4j - © (W)) = 4;
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For 1<i<mtl, 1<) <n, 1ISK< Mypngaicnej - € (v))) = 4;
Thus all the adjacent vertices have distinct ¢ (u)’s. Hence

ASS ([ Py : C,SZ)]) is a proper d- lucky labeled graph and the
proper d — lucky number is

Moa(ASS ([P : CP1)) = max{M;/1< i <2n(m+1)+
m}+ 1.

Example.

Figure 6. The proper d-lucky labeled ASS([ P; : Cf)])

I11. CONCLUSION

In this paper, we have proved the existence of proper d- lucky
labeling of arbitrary super subdivisions of (P,, : @Q3)and

[ P : C,(f)] graphs and obtained their proper d- lucky
numbers .
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