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Abstract— A graph G(p, q) is said to be odd harmonious if there exists an injection /> V(G) — {0, 1, 2, ..., 2¢-1} such that the
induced function f*:E(G)—{1,3,....2q—1)} defined by f * (uv) = f(u) + f(v) is a bijection. In this paper we prove that the
subdivided shell graph, disjoint union of two subdivided shell graph, subdivided shell flower graph and subdivided uniform

shell bow graph are odd harmonious.
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l. INTRODUCTION

Throughout this paper, by a graph we mean a finite, simple
and undirected one. For standard terminology and notation
we follow Harary [5]. Graham and Sloane [4] introduced
harmonious labeling during their study of modular versions
of additive bases problems stemming from error correcting
codes. A graph G is said to be harmonious if there exist an
injection f: V (G) — Z, such that the induced function f* :
E(G) — Zy defined by f*(uv) = (f(u) + f(v))(mod q) is a
bijection and f is called harmonious labeling of G. The
concept of odd harmonious labeling was due to Liang and
Bai [6]. A graph G is said to be odd harmonious if there
exists an injection /> V(G) — {0, 1, 2, ..., 2q-1} such that the
induced function 7 * : E(G) — {1, 3, ..., 2q — 1} defined by
f* (uv) = f(u) + f(v) is a bijection. If f{ V(G))= {0, 1, 2,..., ¢},
then f is called as strongly odd harmonious labeling and G is
called as strongly odd harmonious graph. More results about
odd harmonious labeling can be found in [6] - [13]. Deb and

Limaye [1] have defined a shell graph as a cycle Cn with (n-
3) chords sharing a common end point called the apex. Shell
graphs are denoted as C(n,n—3) . A subdivided shell

graph is a shell graph in which the edges in the path of the
shell are subdivided. Jeba Jesintha et al. [3] defined
disjoint union of two subdivided shell graphs. The same
authors defined [2], a bow graph as a double shell in which
each shell has any order. In the shell graph, when each edge
in the path alone is subdivided, then it is a subdivided shell
graph. A subdivided shell flower graph is one vertex union of
three subdivided shells and each subdivided shell in this
graph called as a petal..

© 2019, IJCSE All Rights Reserved

Il.  MAINRESULTS

In this section, we prove that the subdivided shell graph,
disjoint union of two subdivided shell graph, subdivided shell
flower graph and subdivided uniform shell bow graph are odd
harmonious.

Theorem 2.1:
harmonious.
Proof. Let G be a subdivided shell graph of any order. The

apex vertex of G is denoted as U, and the remaining vertices
in G from bottom to top are denoted as u,,u,,...,u,,.Let

ey U

The subdivided shell graph is odd

€,,€5,, €1 be the edges uyuy,UgUs, UgUs, ..., UgUp,

2

respectively. Let e e .. e, , be the edges

2 2 2

u,u,,U,Us,...,u, ,u, respectively.

Then G has m+1 vertices and 3™ —1 edges.

2
We define labeling
f:V(G) — {0,1,2 ........... 2(3'“2_1) _1} as follows:
f (u,) = 0.
f(u)=i, 1<i<m and iis odd.

f()=383M-3Bi+1 ,2<i<m-1 and i is even.
The induced edge labels are

f (uou;) =i, 1<i<m and i is odd.
f"(yu,,)=3m—-2i—2, , 1<i<m-—2and i is odd.

f (uu; ;) =3Mm—2i+4, 3<i<mand iis odd.
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That is, the induced edge labels are {1,3,5,...,m}u{3m-

4,3m-8,...,m+6,m+2} {3m-2,3m-6,...,m+8, m+4}=

{1,3,..,m,m+2, m+4,....3m-8, 3m-6, 3m-4, 3m-2}
={1,3,...,2q-1}

and the edge labels are also distinct. Therefore the

subdivided shell graph is odd harmonious.

An odd harmonious labeling of a subdivided shell graph with
m=11 is shown in Figure 1.

Figure 1: An odd harmonious labeling of a subdivided shell graph
with m=11
Theorem 2.2: The disjoint union of two subdivided shell
graphs is odd harmonious.
Proof. Let G, and G, be two subdivided shell graphs of any

order. Let G be the disjoint union of g, and G, . The apex
of G, is denoted as U, and the remaining vertices in G,
from bottom to top are denoted as u,, u,,...,u,, - The apex

of G, is denoted as V, and the other vertices from bottom to
e.e,,..e,. bethe

T m+l
2

top are denoted as v, , v, ,...,v, - Let

edges UogUy, UgUs, UgUg ..., Ul €hi3:€mi51-1€3m 1

2 2 2
be the edges u,u,,u,u,,...,u, U, -

m—1~'m

be the edges

e3m+1 ’ e3m+3 L e3m+|
2 2 2

VoV, VoVa: VoVss VoV ang

) be the edges

el+3m+2 1 el+3m+4 LA e3l+3m—
2 2 2

ViV, ,V,Vs,..., V,_,V, Fespectively.

ThenGhas p =m-1+ 2verticesand g

_3m+3l -2
- 2
edges.
We define labeling

f:V(G) > {0,1,2, ......... ,2[W)—1} as
follows:
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f(u,) =0.

f(u)=i, 1<i<m and i is odd.
f(u)=3m-3i+1 ,2<i<m-1land iis even.
f(v,) =2

f(v;,) =3(m—-21) +1, 1<i<landi is odd.
f(v,)=31-3i+3, 2<i<l-1 and i is even.

The induced edge labels are

f (Uyu;)) =i, 1<i<m and iis odd.
f"(uu,,)=3m-2i—2, 1<i<m-2andi is odd.
f"(u,u;, ;) =3m—2i +4, 3<i<mand i is odd.

f (vov;)=3m+i—-1 1<i<I andiis odd.
f*'(v,v,,)=3m+31-2i—3, 1<i<l-2andi is odd.
f (v;v,,)=3m+3l1-2i+3, 3<i<landi is odd.

That is, the induced edge labels are {1,3,...,m} W{3m-4,3m-

8,...,mt6,m+2} U{3m-2,3m-6,.... mt8,m+4} w {3m,
3m+2,...,.3m+l-3,3m+l-1} o {3m+3l-5, 3m+3I-9,...,
3m+1+5,3m+I+1} u{3m+3I-3,3m+3I-7,..., 3m+I+7,

3m+1+3}

= {1,3,...,mm+t2,m+4,...,3m-6,3m-4,3m-2, 3m, 3m+2, ...,
3m+l-1, 3m+l+1, 3m+I1+3,...,3m+31-7, 3m+3l-5, 3m+3I-3}
={1,3,...,2q-1}and hence the edge labels are distinct.
Therefore, the disjoint union of two subdivided shell graphs
is odd harmonious.

An odd harmonious labeling of the disjoint union of two
subdivided shell graphs with m=11 and I1=7 are shown in
Figure 2.

Figure 2: An odd harmonious labeling of disjoint union of two
subdivided shell graphs with m=11 and I1=7
Theorem 2.3: The subdivided uniform shell bow graph is
odd harmonious.
Proof. Let G be a subdivided uniform shell bow graph with p

vertices and g edges. Denote the apex of G as V. Let m be

the number of vertices in each path. Denote the vertices in
the path of the right shell of G from bottom to top as
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Vy,V,,...,V, - The vertices in the path of the left shell are
denoted from top to bottom as v_ v,

Then G has p = 2m + 1 vertices and g = 3m —1edges.
We define labeling

f:V(G) > {012,...... ,2(3m —1) —1} as follows:
f(v,) =0.

f(v;) =i, 1<i<m and iis odd.
f(v;)=1+1 ,m+1<i<2m and i is even.
f(v,)=6m—-3i , 2<i<m-—1 and i is even.

f(v,)=6m—-3i+1 , m+2<i<2m-1 and i is odd.
The induced edge labels are

f (vov;) =1, 1<i<m and i is odd.
fr(vov,)=i+1 m+1<i<2m and i is even.
fo(vv,,) =6m—2i—3, , I<i<m-2and iis odd.

f (v,v,,) =6m—2i+3, 3<i<mand iis odd.
fr(v,v;,,) =6m—2i-1, ,m+1<i<2m-2andiis even
f (v,v, ;) =6m—2i+5, m+3<i<2mand i is even

That is, the induced edge labels are {1,3,...,m-2,m} u{ m+2,
mt+4,....2m-1,2m+1} v {6m-5, 6m-9,...4m+5, 4m+1}uU
{6m-3,6m-7,...,4m+7,4m+3}{4m-3,4m-7,...,
2m+7,2m+3}u{4m-1,4m-5,...,2m+9,2m+5}
={1,3,...,mym+2,....2m+1, 2m+3,...,4m-3, 4m-1, 4m+1,
4m+3,...,6m-5, 6m-3}

={1,3,...,2q-1} and also the edge labels are distinct.
Therefore, the subdivided uniform shell bow graph is odd
harmonious.

An odd harmonious labeling of subdivided uniform shell bow
graph with m=9 is shown in Figure 3.

Figure 3: An odd harmonious labeling of subdivided uniform
shell bow graph with m=9

Theorem 2.4: All subdivided shell flower graphs are odd
harmonious.

Proof. Let G be a subdivided shell flower graph with three
petals. We describe G as follows: G is one vertex union of
three subdivided shells of same order. The apex is denoted
as V. Denote the vertices in the first petal of G as

V,,V,,...,V,,. Thevertices in the second petal of G are
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denotedas v, ,v

petal of G are denoted as v,

V- The vertices in the third
Let

m+271°"
V2m+2 ""’V3m'
be the edges v v,, v, vy, VoVs ..., VoV o

€,,65,...,€ 1
T2
€insaBmes rees By 8 1€ EATES Vov, 1 VoVyy o VoV
2 2
be the edges
em+2 ’em+3""1e3m+3 g
2
V0V2m+l ’ VOV2m+3 ’ V0V2m+5 LR} VOV3m !
€3m451€3me7 101 €5mua be the edges ViVa, VaVgyes Vi g Vi
2 2 2
be the edges
eSm+3 ’ e5m+5 vty e7m—1 g
2 2 2
Vm+lvm+2 ’ Vm+2vm+3 17 V2m—lV2m and
be the edges
e7m+1 ’ e7m+3 10t e9m—3 g
2 2 2

VomiiVomizs Vami2Vomiz s Vam1Vam respeCtlver'
Then G has p = 3m +1 Vvertices and q=2m—3 edges.

2
We define labeling
f:V(G) —>{o,1,2, ......... ,2(9”‘2_3}—1} as follows:
f(v,)=0.
f(v,) =i, 1<i<m and iis odd.
f(v,)=1+1 ,m+1<i<2m and iis even.
f(v,)=i+2 , 2m+1<i<3m and iis odd.

f(v;)=9m—-3i -1, 2<i<m-1 and i is even.
f(v;)=9m—-3i , m+2<i<2m-1 and i is odd.
f(v,)=9m-3i +1, 2m+2<i<3m-1 and i is even.
The induced edge labels are

f (vov,) =i, 1<i<m and i is odd.
fr(vpvy) =i+1 m+1<i<2m and i is even.
f (vov,) =1+2, 2m+1<i<3m and i is odd.
f (vivi,) =9m—2i — 4, ,I<i<m-2andiis odd.
f(vviy) =9m—2i+2, 3<i<mand iis odd.
fr(vv,,)=9m-2i—-2, ,m+1<i<2m-2and i is even
fr(v,v, ;) =9m—2i+4, m+3<i<2mand i is even.
fr(v,v,,) =9m-2i, ,2m+1<i<3m-2and i is odd.

fr(v,v,,)=9m—-2i+6, 2m+3<i<3m and iis odd
That is, the induced edge labels are {1,3,....m}u
{m+2,m+4,...2m+1}U {2m+3,...,.3m,3m+2} U {9m-6, 9m-
10,....,7m+4,7m} U{ 9m-4,....7m+2} U {7m-4,7m-
8,....5m+2} U {7Tm-2,..., 5Sm+4} U{ 5m-2,5m-6,..., 3m+4}
v {5m, 5m-4,....3m+6}
={1,3,....mm+2,....2m+1,2m+3,....3m+2,3m+4,...,
5m-4,5m-2,5m,5m+2,..., 7m-4, 7m-2, 7m, 7m+2,...,9m-6,
9m-4} ={1,3,...,9m-4}
= {1,3,...,2q-1}and also the edge labels are distinct.

79



International Journal of Computer Sciences and Engineering

Therefore, the
harmonious.
An odd harmonious labeling of the subdivided shell flower
graph with m=7 is shown in Figure 4.

subdivided shell flower graphs are odd

ER 36

Figure 4: An odd harmonious labeling of subdivided shell flower
graph with m=7
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