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Abstract: A & —graceful labelling of a graph G = (V,E) , if a function f:V(G) - {0,1,2,...,n — 1} is an injective
function and the induced function f*: E(G) — N is defined by f*(e = mn) = 2{f(m) + f(n)};where vmn € E(G), then
the resultant edge labels are distinct[3]. Here we discuss about some basic graph like as splitting graph of
bistarB,, ,,,degree splitting graph of bistarB,, ,,,,shadow graph of bistarB,, ,, restricted square graph of bistar B, ,,,

barycentric sub division of bistarB,, ,,and corona product ofbistarB,, ,,,with K; admits® — graceful labelling.
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1. INTRODUCTION

Graph labeling is an effective region in graph theory.
In graph labeling every vertices are assigned to it’s
appropriate values for some certain condition.
Labeling of vertices and edges play fundamental
appearance in graph theory. We make simple, finite
graph G with 'p’ vertices and 'q’' edges. Some basic
information for this graph like as definitions and
other things which are used for the current analysis,
which are given below.

11.BASIC TERMINOLOGY OF & —GRACEFUL
LABELING

Definition2.1([3]): If the vertices are attached values to
assured conditions then is called as graph labeling. A
dynamic survey on different graph labeling methods is
regularly updated by Gallian([3]) .

Definition2.2([3]): A @ —graceful labelling of a graph
G = (V,E), ifa function f:V(G) - {0,1,2,...,n— 1} is
an injective function and the induced function f*: E(G) -
N is defined by f*(e = mn) = 2{f(m) + f(n)}; where
vmn € E(G), then the resultant edge labels are distinct.

Definition2.3([6]): The splitting graph S’(G) of a graph G
is getting by add a new vertex u’ corresponding to each
vertex u of G such that N(u) = N(u').

Definition2.4([6]): Let G be a graph with V =u, Uu, U
..Uu, UT, where each u; is a set of vertices possessing
at least two vertices of the equivalent degreeand T =V —
U2, u;.The degree splitting graph of G denoted by DS(G)
is obtained from G by adding vertices wy, ws, ..., w,and
attaching to each vertex of u; for i € {1,2, ..., m}.
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Definition2.5([6]): The shadow graph D,(G) of a
connected graph G is composed by taking two copies of G
say G' and G'. Attach each vertex u’ in G' to the
neighbourhood of the comparing vertex " in G"'.

Definition2.6([6]): The square graph of G for the simple
connected graph is denoted by G2 and defined in the same
vertices of graph G and two vertices are adjacent in G2 if
they are distance | or 2 apart in G. Here it is clear that
restricted square graph of bistar B2, by attaching all the
pendent vertices of K, ,with the apex vertex of K, ,,, and
all the pendent vertices of the K; ,,, with the apex vertex of
Ky

Definition2.7([6]): Let G be a graph and suppose e = uv
be an edge of G and m is not a vertex of G. The edge ‘e’ is
subdivided when it is succeed by the edge e’ = wm and
e =vm.

Definition2.8([6]): Let G = (V,E) be a graph, if every
edge of graph G is separate, then the resulting graph is
called barycentric subdivision of graph G.

Definition2.9([6]): If G is graph of order m, the corona of
G with different graph H, G © H is the graph obtained by
taking are copy of G and m copies of H and joining the j**
vertex of G with all edges to all the vertices in the jt* copy
of H.

111 ® —GRACEFUL LABELING IN THE CONTEXT
OF BISATR

Theorem 3.1:5'(B,,,,) is a @ — graceful graph.

Proof: Let B, ,, be the bistar with vertex set,

V(Bn‘m) = {uo, Vo, Uj, vi|1 <j<nl<ic< m}.

Where u; and v; are pendent vertices. Let ug, vy, uj, v;" be
the newly added vertices in order to obtain
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G = S'(Bym)- Where j € {1,2,...,n} and
i €{1,2,..,m}. We observed that total number of vertices
is 2n+2m+4 and total number of edges is
3n + 3m + 3.Without loss of generality assume that
n < m because S'(Bp,) and S'(Bn,) are isomorphic
graphs. Define vertex labeling
f:V(G) - {1,2,...,2n + 2m + 4}as follows:
fup) =1
f(wo) =2
flug) =2n+2m+3 flvg) =4

n+m
4i + 2, 131‘3[ 5 ]
4‘(_ [n,+-1n]) 4 [n,+-n1
! 2 ’ 2
fw)=2i+11<i<m
fly)=2m+1+2j;1,<j<n

f(u]’-)=4(m+1—[n+TmD+4j;1<an

fw) =

]<i§m

So, from above defined function f,the induced
functionf*: E(G) - N, which is defined by
Casel: Now for 1 < j < nwe have
f*(uouj) = 2{f (wo) + ()}
f(uow;) = 2{f (wo) + £ ()},
f*(uow;) = 2{f (up) + £ (u;)}
Again, 1 < i < m we have
frwovi) = 2{f (wo) + f (v},
frwovi) = 2{f (wo) + f (v},
f(wovi) = 2{f (vp) + f (v;)}and
[T (wove) = 2{f (uo) + f(vp)},
[ (uovo) = 2{f (uo) + f (vo)},
fr(uovo) = 2{f (ug) + f (o)}
From above mentioned edge function, it is clear that
all edges are getting different edge labels. Hence the
S'(Bpm)is @ —graceful graph

Figurel:® — graceful labeling of S'(B; )

Theorem 3.2:DS (B, ) is a @ — graceful graph.
Proof: Let B, ,, be the bistar graph with vertex set
V(Bn‘m) = {uo,vo,uj,vi|1 <j<nl<ic< m}.

Where u; and v; both are pendent vertices.
Here V(Bym) = V4 U Vs,

Where V; = {u;, ;|1 <j<n,1<i<m}and
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V, = {uy, v }. Without loss of generality assume that

n < mbecause DS(B,.,) and DS(B,,) are isomorphic
graphs. Now in order to obtain

G = DS(B, ) fromB,,,. We consider following two
cases...

Caselln=m

We add w,, w, corresponding to V;, V5.

Then [V(G)| =2m + 4, |[E(G)| = 4m + 3. And

E(G) = E(Bpm) U {uowy, vow,, wjwy, vw; |1 < j < m}.
Define vertex labeling f:V(G) - {1,2,...2m+ 4} as
follows: Let p be the largest prime number such that

p<2m+4.
f(ug) =2 f(vy) =1
fw)) =p fwy) =3

flu)=2j+2j€e{12..m
Label the remaining vertices v,,v,,...,v, from the set
{5,7,9,....2m + 3,2m + 4} — {p}.

So, from above defined function f, the induced
function f*: E(G) — N, this is defined by

Case A:Now for 1 < j < nwe have
f*(uowf) = 2{f (wo) + £ ()},
f*(uouj) =2{f(uo) + f(uj)};
£ (uow) = 2{f (uo) + f(u;)}
Again, 1 < i < m we have
frwovy) = 2{f (vo) + f(v1)},
frovi) = 2{f (o) + f(v)},
f(wovi) = 2{f (vp) + f(vy)} and
fr(uovo) = 2{f (uo) + f(vo)},
fr(uovo) = 2{f (wo) + f(vo)},
f*(wovo) = 2{f (up) + f(vo)}
From above mentioned edge function, it is clear
that all edges are getting different edge labels.
Hence the S'(B,, ) is® —graceful graph.

Figure 2:® — graceful labeling of DS(B, 4)

Case2:n<m

We add w, to v;.Then |V(G)| =n+m+ 3

And |E(G)| = E(Bym) U
{yyw,viw[1<j<n1<i<m}

So, |[E(G)| =2n+2m + 1.

Define vertex labeling f:V(G) = {1,2,...,n+ m+ 3} as
follows: Let g be the largest prime number such that
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gq<n+m+3.

fue) =2 f(wo) =1 fwy) =q
fly)=2j+21<j<n
Label the remaining vertices vy, v,, ..., v,, from the set
{3,57,...2n+32n+4,..,n+m+ 3} — {q}

So from above defined function f is the induced function
f*:E(G) — N, which is defined by

Case B: Now for 1 < j < n ,we have
fr(wawy) = 2{fwi) + £ (w;)},
fr(uow) = 2{f (uo) + f(w)}
frwivy) = 2{f(wy) + fF(v)},
frovi) = 2{f (o) + f (1)}
and Once again, f*(ugvy) = 2{f (uy) + f (vo)}.
From above mentioned edge function in both cases, it is
clear that all edges are getting different edge labels. Hence
DS (B, ) is a @ —graceful graph.

Figure 3:® — graceful labeling of DS(B3)

Theorem 3.3:Restricted BZ,, is a @ —graceful graph.
Proof: Let B,, be the bistar graph with vertex set
V(Bnym) = {uo, Vo, uj,vl-|1 <js<nl<ic< m}.
Where w; and v; are pendent vertices, let G be the
restricted BZ,, graph with V(G) = V(B,.,) and E(G) =
E(Bum) U{uow, uovy|1 <j<n1<i<m}
Note that |V(G)]=n+m+ 2 and |[E(G)| =2n+ 2m +
1.Without loss of generality we can assume that n <m
because restricted B ,, are isomorphic graphs.
Define vertex labeling f:V(G) - {1,2,..,n+m+ 2} as
follows: Let p be the largest prime number such that
p<n+m+?2.
f(uw) =p
fly)=2j;1<j<n
Label the remaining vertices vy, v,, ..., v, from the set
{357,...2n+12n+2,..,n+m+ 2} — {p}

So from above defined function f,is the induced
functionf*: E(G) — N, which is defined by

f*(wevy) = 2{f (vo) + f(v))}, where 1 <i<m

[ (uovo) = 2{f (uo) + f(vo)},

Now for1 <j <n,

f*(wow;) = 2{f (o) + £ (w;)}
F o) = 2{f o) + 1)}
From above mentioned edge function, it is clear that all

edges are getting different edge labels.
Hence (B3 ) is a @ —graceful graph.

fvy) =1
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Figure 4:® — graceful labeling of BZ

Theorem 3.4:The barycentric subdivision S(B,,,) of
bistar B,, ,, is a @ —graceful graph.

Proof: Let B,,, be the bistar graph with vertex Set
V(Bn‘m) = {uo, vo,uj,vi|1 <j<nl1<ic< m}. Where
u; and v; both are pendent vertices and edge set
E(Bym) = {uovo uouj, vovi|1 < j <n,1 < i <m}.

Let wy, wy, Wy, ..., Wy, Wy, Wy, ..., Wy, be the newly added
vertices to obtain G = S(B,,,, )-Where wis added between
uy, and vo,w; is added between u, and u; for j €
{1,2,..,n} and w; is added between v, and wv; for
i €{1,2,..,m}. Here note that |V(G)|=2n+2m+ 3
and [E(G)| = 2n+ 2m + 2.

Define vertex labeling f:V(G) = {1,2,...,2n + 2m + 3}
as follows:

fup) =2 f(vo) =1 f(wo) = 3.
forj e {1,2,..,n};
f(y)=2j+3 and f(w)=2j+2

Now fori € {1,2, ..., m};
f(w) =3+2n+2iand f(w)) =2+2n+ 2i.
So from above defined function f is the induced
functionf*: E(G) —» N, which is defined by
[T (uowo) = 2{f (uo) + f(wo)},
[ (wowo) = 2{f (vo) + f(wp)}
for 1 <j < n, we have
£ (ow;) = 2{ (o) + £ ()},
f(wpw) = 2{f (w;) + f ()}
for1 <i<m,wehave
frwowi) = 2{f (vo) + f (W)},
frwiv) =2{fw)) + f (v}
From above mentioned edge function, it is clear that all
edges are getting different edge labels. Hence S'(B,,,)
is @ —graceful graph.

Figure 5: ® — graceful labeling of S(Bs 7).
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Theorem 3.5: B, ,,, © K; is a @ —graceful graph.
Proof: Let B,,, be the bistar graph with vertex set
V(Bnym) = {uo, Vo, uj,vi|1 <j<nl<i< m}.
Where u; and wv; are pendent vertices, let
Ug, Uy, Uy, o, Up, VY, V1, Vg, .., Uy, DE the newly added
vertices to obtain the graph G = B, ,, © K;.
We note that
V(G) =V(Bym) V{upuj, v, vi|l <j<n1<i<m}
and E(G) = E(Bym) U
{uou{),vové,uju}, vi|1<j<nl1<i<m}
Hence |[V(G)| = 2n + 2m + 4 and

|E(G)| =2n+2m + 3.
Define vertex labeling
f:V(G) = {1,2,....2n 4+ 2m + 4}as follows:

fug) =1 f(vy) =2
f(v) =3 f(up) =2n+2m+4
forj € {1,2,...,n}

flw)=2+2j, flw)=1+2j

Nowfori € {1,2,..,m}, f(v;) =2+ 2n+ 2i
And f(v;))=3+2n+2i
So from above defined function f, is the induced
function f*: E(G) — N, which is defined by
fr(uouo) = 2{f (up) + f (uo)},
fr(uovo) = 2{f (uo) + f(vo)},
fr(wovo) = 2{f (vp) + (vo)}
For1 <j <n,we have
F(uow;) = 2{f (wo) + F (W)},
f(w) = 2{f () + F ()}
For1l<i<m ,wehave
frwovi) = 2{f (o) + f (W)},
frwiv)) = 2{f () + f(v)}

From above mentioned edge function, it is clear that all
edges are getting different edge labels. Hence S'(B,.,)is
& —graceful graph.

uy @8 @
Figure 6:® — graceful labeling of Bs ; OK;.
IVV. CONCLUSION
In this paper we have to show that splitting graph of bistar
graph, degree splitting graph of bistar graph, shadow graph
of bistar graph, barycentric subdivision of bistar graph and

corona product graph of bistar B,,, with K; admits a
@ — graceful labeling.
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