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Abstract: A Signed Graph H = (G, o) where G is a graph G = (V, E) and o is a sign function ¢ =(+, -). When talk about a
signed graph, the main focus is on its balance. In this paper we propose a dynamic programming algorithm based on depth-first
search graph traversing which detects the balance in the signed graph. The proposed algorithm traverses every edge of the
input signed graph at most once. The implementation of the proposed algorithm will use two linear lists (arrays), one of length
IVI and the other of length (IVI+1)/2. Hence the algorithm will work much efficiently with respect to time complexity and space

complexity.
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1. Introduction

A graph represented with G = (V, E) where V is the vertex
set V = {vy, v, v5..... } and E is the edge, the line joining
two distinct vertices V, E = {e;e,¢€s...}. A graph G with
each of its vertex and edge assigned with a sign ¢ = {+, -}
is said to be signed graph (also known as Sigraph). The
sign of an edge is same as the product of its vertices.

6 (E) =0 (V) *o (V)

A Sigraph is represented as H = (G, ) where G =
(V, E) is the graph and ¢ = (+, -) is a sign function. A
Sigraph is said to be balanced if every cycle in it have the
positive sign. To determine the sign of the cycle in a given
Sigraph, the product of all the edges in the specific path is
considered.

6 (Cycle)=c(E))+0c (Ey) +0(E3) +...... +0
(E)

All the notions of the signed graph are quoted in
Harary. F [1],[2],[3]. The balance factor of the signed
graph was first used by Heider in his work with three
vertices [4]. There are numerous applications on the
balance of the signed graph. In his paper, Harary F had
given the characterization of a signed graph as follows
which is also referred to as ‘Structure Theorem’ [2]:

Theorem: Let H = (V, E, o) be a signed graph. Then the
following conditions are equivalent:
i. His balanced.
ii. Every cycle in H is positive, i.e., has an even
number of negative lines.
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ili. Any two paths between every pair of disjoint
vertices of V(G) have the same sign.

iv. The set V(G) can be partitioned into two disjoint
sets called coalitions, one of which may be empty,
such that every positive line joins vertices of the
same coalition and every negative line joins vertices
of different coalitions.

E. Loukakis had proposed a dynamic
programming algorithm to test the balance of a signed
graph based on condition (iii) of the Harary’s Structure
Theorem [1]. In his paper, Loukakis proved that the
algorithm using three linear arrays and Breadth-First
search technique has the improved time complexity and
space complexity [1].

This paper is systematized as follows: We have
given a brief introduction to the Signed graph and its
behavior. Here in the introduction, we also gave the
theorems proposed earlier on the signed graphs and its
balance factors. In this paper, we propose an algorithm
based on condition (iii) only and uses Depth-First search
technique for graph traversing. Here each edge of the input
graph is traversed at most once. The proposed algorithm
uses only two linear lists (arrays) one of length IVI and the
second list of length (IVI+1)/2 only. Since the algorithm
proposed in this paper requires only two linear arrays and
also on array with much less size, the algorithm will give
much better results with respect to time and space
complexities when implemented on computer.

2. The algorithm for Balance Detecting
Based on Heider [4], we consider that the input

graph is a connected signed graph. The proposed algorithm
is based on condition (iii) of Structure Theorem.
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According to condition (iii), any two paths with every pair
of different vertices of G should have equal number of
negative edges. As highlighted in the proposed algorithm,
here we adopt the Depth-First search graph traversing
technique. Depth-First search graph traversing technique
has the upper hand with respect to space complexity than
the Breadth-First Search technique. The time complexity
of the algorithm with both Depth-First search technique
and Breadth-First search technique will be same provided
the graph is represented by the adjacency list structure
[5,6,7,89 ].

A connected signed graph can be Dbetter
represented using an adjacency matrix. When we
implement the algorithm on computer, it requires a two
dimensional array to read the connected signed graph. The
two dimensional array occupies more space compared to
the linear array. Also the two dimensional array requires
more time to process data than that of a linear array.

Algorithm 1: Signed_Graph_Balance_Detect (H,

N, o)

1. BEGIN

2. DISCOVERED(N) = true

3. Balance = true

4. 6[N]= + or -

5. For each p € V(G) - {N}

6. DISCOVERED|p] = false

7. END For

8. top=-1

9. For each p € Adj[N]

10. olp] = o[N] * o[(N, p)]

11. top=top+1

12. Stack[top] = p

13. DISCOVERED|p] = true

14. END For

15. While ( (top !=-1) && (Balance == true) )

16. p = Stack[top]

17. top=top -1

18. DISCOVERED|p] = true

19. For each q € Adj[p]

20. IF DISCOVEREDI(q]
= false Then

21.

DISCOVEREDIq] = true

22. top = top +1

23. Stack[top] =
q

24, olq] = o[p] *
ol(p. 9]

25. ELSE

26. IF (o[p] *
ol(p, @)] '=clq] ) Then

27.

Balance = false

28. END IF

29. END IF

30. END For
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31. END While
32. END

The above algorithm time complexity and space
complexities will be optimal if provided with the
adjacency list of each node. The algorithm checks for the
Signed graph (Sigraph) balance as follows:

A graph traversing should be started with an
arbitrary vertex. From the given set of vertices V(G), let N
be the arbitrary vertex we start the traversing. In line 2,
vertex N will be set as DISCOVERED vertex. Line 3, we
assume that the signed graph is balanced and initialize
Balance as true. In line 4, arbitrarily the sign from sign
function o = {+, -} will be assigned to N. From Line 5 to
7, it will initialize the adjacency vertices of N as
UNDISCOVERED. In line-8, as we use Depth-First search
traversing technique in this algorithm. Depth-First search
technique works using a Stack. We indicate the current
position of the Stack we use a point ‘top’. When Stack is
empty ‘top’ value is assigned to -1. From line 9 to 14, the
signs of the adjacent vertices of N are been assigned using:

o[p] = o[N] * o[(N, p)]

Once the adjacent vertex is assigned with a sign,
it is added to the Stack and also marked as DISCOVERED.
This procedure is repeated till all the vertices from the
adjacency list of N are assigned with sign and marked as
DISCOVERED. From line 15 to 32, we determine the
balance of the given Signed Graph by exploring the
adjacent vertices of N and their adjacent vertices. When
Stack point ‘top’ is not equal to -1 (i.e. if stack point equal
to -1 then stack is empty and algorithm terminates) and the
Balance is ‘frue’ then we take the vertex from the top of
the stack say ‘p’ and delete the vertex ‘p’ from the stack.
Mark the vertex ‘p’ as DISCOVERED. In line — 19 verify,
are there any adjacency vertices of ‘p’. From here there are
two possibilities to occur if the adjacency list is not empty:

(1) If the vertex ‘q’ (which is adjacent to ‘p’ vertex)
is not DISCOVERED, then it is read as
DISCIVDRED and Stack pointer (top) is
incremented by 1. Vertex ‘q’ is pushed into
stack and assigned with the sign using:

olq]l = o[p] * ol(p, 9)]

(ii) If the vertex ‘q’ is DISCOVERED, then based on
the condition (iii)) of Harary’s Structure
Theorem the sign of ‘q” and product of the
sign of ‘p’° and the sign of the edge
connecting (p, q) is compared. If the sign is
same then the remaining vertices in stack are
tested. If not same then the Balance is set to
‘false’ and the program terminates.
Before terminating the algorithm execution if the
Balance is ‘true’, every vertex for the graph will traversed/
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examined at most once. If the Balance is ‘false’ then at
which ever vertex condition (iii) of structure theorem
doesn’t hold good, algorithm will terminate and return the
Balance variable value as ‘false’. This indicates that the
given Signed Graph is not balanced.

The time complexity if this algorithm is as
follows: Every vertex of the graph will be traversed at
most once. For every vertex the run time is O(IVI). In
Depth-First Search technique execution, every edge is also
traversed at most once. Hence the time for traversing each
edge is O(IEl). Therefore, the total time complexity is O(IV
+ El).

The space complexity for this algorithm is the
major advantage. Since we used Depth-First Search
technique, each vertex is visited at most once. Since, the
DISCOVERED vertices are removed from the Stack,
maximum size of Stack at any point of time during the
algorithm execution is (V + 1)/2. The Space complexity of
this proposed algorithm is ©O((V + 1)/2).

3. Conclusion

The algorithm presented in this paper is based on
Depth-First Search technique and it provides much better
results in terms of space complexity than that of Breadth-
First Search technique. This algorithm is very useful is the
analysis of social networks for their balance and behavior.
The structural balance of social network can be detected
much easier using the signed graph balance. There are
numerous applications of this algorithm like resources
allocation in process execution without entering the
process into deadlock state.
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