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Abstract— In this paper we establish that the graphs K, — E(K,), K, , forn =2, K,, , — E(nK,) forn = 2, P,®OK, for
n > 2 and C,OK; forn > 4 possesses sum* and modsum* labelings and find their sum * and mod sum* numbers.
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l. INTRODUCTION

The graphs considered here are finite, connected, undirected
and simple. The notations and terminologies involving graph
theory may be found in [2] .The study undertaken in this
paper involves sum* and mod sum* labeling of graphs. The
objective of this work is to explore and identify some new
classes of graphs that exhibit sum* and mod sum* labeling.
In this paper we use a methodology which fundamentally
involves  formulation and subsequent mathematical
validation. Sum* and mod sum* labeling concepts have been
used in the problems involving relational database
management. We recapitulate some important definitions
useful for the present investigation. The concept of a sum
graph was introduced by Harary in 1990 [3]. Let N be the set
of positive integers. The sum graph G*(S) of a finite subset
Sc N is the graph (S,E) with uv € E if and only if
u+veS. Agraph G is said to be a sum graph if it is
isomorphic to the sum graph G(S) for some S ¢ N.The sum
number o(G) of a graph G is the least number r of isolated
vertices rK; such that G UrK; is a sum graph. The concept of
mod sum graph was introduced by Boland et al. [4] in 1990.
A mod sum graph is a sum graph with S ¢ Z,,,\{0} and all
arithmetic performed modulo m where m > |S| + 1. The
mod sum number p(G) of graph G is the least number r of
isolated vertices rK; such that GUrK; is a mod sum graph.

The notion of sum* graphs and mod sum* graphs
were introduced by Sutton in 2001 [1]. A graph G =
(V,UV,E)a sum* graph of G, = (1}, E,) if there is an
injecting labeling A of the vertices of G with distinct
nonnegative integers with the property that uv € E,, if and
only if A(uw) + A(v) = A(z) for some vertex z € G. The
sum* number (G, ) of G, is the minimum cardinality of a
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set of new vertices such that there exists a sum* graph of
G, on the set of vertices V,UV; . Sum* graphs are
generalization of sum graphs. Sutton shows that every graph
is an induced sub graph of a connected sum* graph. A graph
G= (J,UV,E) is amod sum* graph of G, = (V,,E,) if
there exists a positive integer z and a labeling A of the
vertices of G with distinct elements from {0,1,2, ...,z — 1}
so that uv € E, if and only if (A(w) + A(v))(mod z) is the
label of vertex of G, where V; is an incidental vertex set of a
summable graph that is not vertex of the primary graph
G,.The mod sum* number p = (G,) of G, is the cardinality

of the smallest set of incidentals Vi such that there exists a

mod sum* graph of Gp onV, UV, vertices. Mod sum*

graphs are a generalization of mod sum graphs, so that all
mod sum graph labeling are also mod sum™ graph labeling.
Sutton in his PhD thesis [1] has obtained established that
ox(K))=0%(5)=0,0%(S,)=0forn>20*(T,) =
1forn>3and T, # S, 0*(C3) =1,0%(C,) =2forn2>
4,0« (W,)=2forn>4,0%(F) =2forn>3,0*(K,) =
n—2forn>3,p*x(K;) = p*(5)=0,p*(S,) =0forn
>2,p*x(T,)=0forn >3 and T, # S,, p*(C3) =0,
p*(C)=0forn>4,px(W,)=0forn>4,p+(E,) =0
forn>3,p * (K,) =0forn>3.

Here our objective and purpose is to explore more on
sum* and mod sum* labelling of graphs by extending the
findings of Sutton [1] and find some new classes of graphs
exhibiting sum* and mod sum* labelling and find their sum*
and mod sum* numbers.

Section 2 gives sum* number and mod sum* number
of K,, — E(K,.). Section 3 gives sum* number and mod sum*
number of the graphs K, ,, and, K, , — E(nK,). Section 4
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gives sum* number and mod sum* number of the
graphs B,®K; forn = 2 and C,®K;.

Il. THE SUM*NUMBER AND MOD SUM* NUMBER OF
K, — E(K,).

In this section we determine the sum* number and mod sum*
number of the graph K, — E(K,). Let G = K, —
E(K.)),n=r=2 and m= o+ (G) . We assume that
V(G U mkK;) is given sum* labeling so that we may denote
the vertices of G U mK; by their labels. Let S = G umK; =

|4 ((Kn_ E(Kr)) U mKI); A= V(Kr) = {alﬂaZ"“'ar}r
where a; < a, < - <a, and g; is not adjacent to a; with
*j, B= V(Kn)\V(Kr) = {bl =0,b,, “"bn—r} , where
0= by <b, <+ < by,_,and b; is adjacent to bywith i # j;
C =V(@mK,) = {c1,¢3,+,Cm}, Where 0 = b; < b, <+ <
by r<a;< a;<<a, << <<y SO
CN(AUB) = ¢. Let V((Kn — E(K,)) U mKl) =5 =
AUBUC. Ledy={b;+aj|j=1,2,-,1;i=2,3,,n—
r} and By = {bi +bili,j=2,3,,n—randi ;tj}..Thus,
Ay c S,B,c S andassuch A, UB, € C c S.

Lemma2.1. 0 €S.

Proof. It is obvious that 0 € Band as such0 € AUBU
C=S.

Lemma2.2.0 * (K, —E(K,)) =1forn=4 andr = 2.
Proof. We consider the following sum* labeling of the
graph (K, — E(K,)) U K;:

bi= (i—1)N,i=1,2;a;= jN; + Ny, j=1,2; ¢, =

(k + 2)N, + N,, k = 1, where N;and N, are prime numbers
with 5 < N; < N,. Obviously, the above labeling is a sum*
labeling of K, —E(K,) and o (K,—E(K,))=1 for
n=4 andr = 2.

Lemma23. ox(K,—-E(K,))=0 for K, < K, and
3<r<n<4

Proof. It is easy to verify, so from now on we assume that
n=5andr > 2.

Lemma 2. 4. ox*(K,—E(K,)) =0 for K, < K, and
r=nor r=n-—1.
Proof. It is obvious that for =N , since

K, —E(Kn)=nKl. Forr=n-1, K, —E(Kr) is a
star, which is known to be sum* graph [1]. [

Lemma 2. 5. 6% (K, —E(K,)) =n—r—1for K, € K,
and2 <r <n-—-2andn >5.

Proof.  Label of the vertices in B are 0,1,2,--,n—r—1
such that A(b;) < A(b,) < :-- < A(b,_,) and label of the
vertices in A are n—r,n—r+1,--n—1 such that
Aay) < AMay) <+ < Ala,). Let S; be the set of n—1
distinct labels produced by the edges incident on the vertex
b;and let S, be the set of n — r distinct labels produced by
the edges incident on the vertex a,.. The largest label in S;,
namely A(b;) + A(a,) is the same as the smallest label in S,
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so that thereareatleast(n— 1)+ (n—r)—1=2n —r —
2 distinct edge sums in a sum* labeling of the graph K, —
E(K,). Since the smallest label in the graph K, — E(K,)
cannot be the edge sum of any edge, at most n — 1 of these
edge sums can be labels of the graph K, — E(K,) so that
o+(K,—E(K,)=0@n -r-2)-(n—-1=n—-r—-1.
Label the vertices in B and A are respectively 0,1,2,--,n —
r—landn—r,n—r+1,---n—1land also the incidentals
withnn+1,-,2n-r — 2. []

Theorem2.1.

0 if r=nn-1

« (Ko~ E(Kp) = {n—r—l if 2<r<n-2

K. < K,andn >5.

Proof. There are two valid assertions in this theorem. The
first assertion is obtained from Lemma 2.4 and the second
assertion is obtained from Lemma 2.5. N

Lemma2.6. p* (K, —E(K,))=0forK, € K,andr =n
or r=n-—1.

Proof. It is obvious that for =N since

K,-E(K,)=nK,. Forr=n—1, K, —E(K, ) is a

for

n
star, which is known to be mod sum* graph [1]. U

Lemma2.7. p=*(K,—E(K,)) =0 for K, < K, and
2<r<n—2andn =5.

Proof. Label of the vertices in B and A are respectively
012,--,n—-r—l1landn—-r,n—-r+1,---n—1 and let
graph modulus be z = n. Then all the edge sums (mod z) are
vertices of the graph K,, — E(K,). So mod sum* number of
the graph K,, — E(K,.) is zero. Hence the Lemma 2.7 holds.
[

Theorem 2.2. p (K, —E(K,)) = 0 for
n =>5.

Proof. There are two valid assertions in this theorem. The
first assertion is obtained from Lemma 2.6 and the second
assertion is obtained from Lemma 2.7. (]

K, € K, and

I1l. THE SUM*NUMBER AND MOD SUM* NUMBER OF THE
GRAPHS K, ,, AND K,, , — E(nK3)

The following open problems given by Sutton in his Ph.D.
thesis [1] are solved in this section.

Open Problem 1. What is the sum* number and mod sum*
number of the graph K, ,,.

Open Problem 2. What is the sum* number and mod sum*
number of the graph K,, , — E(nK3).

Theorem3.1. 0+ (K, ,)=n—1forn > 2.
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Proof. The following facts are needed to prove the above
theorem.
Fact 1: Letm = o * (K, , ),n = 2.LetV(K,, )= (4,B)
be the bipartition of a complete symmetric bipartite graph
K, » with A = {ay,a,,---,a,}, where a; < a, <--<a,
and a; is not adjacent to a; with i # j, B = {by, by, "+, b, },
where by < b, < -+ < by, and b; is not adjacent to b; with
i #j, C=VimK) = {c,c3,cn} be the set of
incidentals, where ¢; < ¢, <+ <c¢,. Hence, we have
(AuB)NnC = ¢.LetV(K,, UmK;) =AUBUC =S.
Fact 2: Sum* labeling schemes for the graph K, , U mK, are
given as follows.
a; = (i—1)N,fori=1,2,---n; b; = G—1N+
1,forj=1,2,-n; ¢ = (n+k—1)N + 1,fork =
1,2,---n—1,where N =5 is an integer.
It is obvious that {a, + b,,, as + b,, -,a, + b,} < C and
a,+b, < az+b,<--<a,+b,S |C|l=n-1.
Fact 3:

e The vertices of S are distinct.

e ANB=@0,BNC=0,CNA=0;

e aq taj¢Sforanya;a; €A #j+1);

e b;+bj¢Sforanyb;,b; € A(i # j);

o ¢ +c &Sforanyc,c €C(>I+));
e a;+c &S for any a; € A(i #1) and for any
¢ € C;
e b +c ¢Sforanyb; € Bandforany ¢; € C;
e a;+bj= ¢, for any a; € A(i # 1) and for any
b; € B.
Consequently from Fact 1 to 4 given above, we conclude that
the above labeling is a sum* labeling of the graph K, , U
mkK; and as such the theorem holds. B

Theorem 3. 2. p * (K, , ) = 0forn > 2.

Proof. Consider the following facts.

Factl: Let V(K,,)= (A,B) be the bipartition of a

complete symmetric bipartite graph K, , with A=

{as,a,,--,a,}, where a; < a, <--<a, with a; not

adjacent to a; with i #j, B = {by,by,-,b,}, where

by < by <-- < by and b; is not adjacent to b; with i # j,

LetS =V(K,,) =AUB.

Fact 2: Mod sum* labeling schemes for the graph K,,,, as

follows.

e a;=({—-DNfori=12-n b= (G—1N+

1,forj=1,2,---n; , where N =5 is an integer
with modulus z =m = (n — 1)N.

Fact 3:
e The vertices of S are distinct.
e ANB=0;

e a;ta ¢Sforanya;,a €A #j+1);
Fact 4:
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e b;+bj¢Sforanyb;,b; € B (i #j);

e (a; + bj)(mod z) are vertices of K,, .
Facts 1 to 4 given above makes us conclude the labeling
given above is a mod sum* labeling of graph K, , and as
such the proof follows. 0

Theorem 3.3. 0 * (K, , — E(nK,) ) =n—3forn > 4.
Proof. Consider the following facts.

Fact 1: Let m= o*(K,,—EMmK;))n =4 Let
V(Knn—E(mK,)) = (A,B) be the bipartition of K, , —
E(nK,) with A = {a;,a,,-,a,}, where a; < a, <<

a, and a; is not adjacent to a; with i #j,
B = {by,b,, -, b,}, where b; < b, < --- < b,, and b; is not
adjacent to b; with i #j , {a;by,azb,, -, ayby} =

E(nK,),C =V(mK,) = {c;,¢3,++,cn} be the set of
incidentals, where ¢; < ¢, < - <c¢,. Hence, we have
(AUB)NC = ¢. Let S= V ((Km — E(nky)) U mKl) =
AUBUC.

Fact 2: Sum* labeling schemes for the graph (Kn_n—

E(nKz)) U mK, are given as follows.
a;= (i—DN,fori=1,2,--n; b;= (j— 1N +
1,forj=1,2,-n ¢, = (n+k—1)N+1,fork =
1,2,---n—3,where N > 5 is an integer.
It is obvious that {a; +b,, a,+ by, -+, a,_1+b,} SC
andas; +b, < a,+b, < <ap_,+b,S0|C|=n-3.
Fact 3:

e The vertices of S are distinct.

e ANB=0,BNC=0,CNA=0;

e a;taj¢Sforanya;,a €A #j+1);

e b;+b;¢Sforany b;,b; € B (i #j).

e ¢ t+c gSforanyc;,c € C (i #));

e a;+c &S for any a; € A(i# 1) and for any
¢ € C;

e b;+c ¢Sforanyb; € Bandforany ¢ € C;

e a;+b= ¢ for any q; € A(i # 1) and for any

b; € B;
e at+bgS{I#1Diff i+j=n+20ri=j=mn;
e a,+b,a3+b,_q,,a,+by,a,+b, is
E(nk,).

Consequently from Fact 1 to 4 given above, we conclude that
the above labeling is a sum* labeling of the graph (Kn,n -

E(nKz)) U mK; and as such the theorem holds. 0

Theorem 3.4..p x (K, , —E(nK;) ) =0forn > 4.

Proof.  Let V(K,,—E(nK,))= (A B) Let be the
bipartition of the graph (K, ,—E(nK,)) with A=
{a;,a,,-,a,}, where a; < a, <--<a, and a; is not
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adjacent to a; with i #j, B = {by,by,b,}, where
by < by <-- < by and b; is not adjacent to b; with i # j,

{albl, azbz,"',anbn} = E(nKz) . Let Let S = V(Kn'n -

E(nKz)) = AUB. The mod sum* labeling for the graph
Knn — E(nK3) is as follows.

a;= (i—1DN,fori=1,2,-n; b;= (j— 1N +
1,forj =1,2,---n; where N = 5 is an integer with modulus
z=m= (n—1)N.
The following assertions are readily seen to be valid.

1. The vertices of Sare distinct;
ANB = 0;
a; +a; ¢Sforanya;,a; €A #j+1);
b; + b; & S forany b;,b; € B (i # j);
(a; + b;)(mod z) are vertices of K,, ,, — E(nk,);
a+bgS@i #Diff i+j=n+20ri=j=mn
So, a,+bya3+b,_4,,a,+by,a,+b, IS
E(nkK,).
Thus the above labeling is a mod sum* labeling of graph
K, » — E(nK;) and as such the theorem holds. 0

ISR

IV. THE SUM*NUMBER AND MOD SUM* NUMBER OF THE
GRAPHS P,,OK AND C,OK,

In this section, we determine sum* number and mod sum*
number of the graphs B,®K, and C,®K;. Recall that the
sum* number is the minimum number of incidentals needed
so that the union of graph and incidentals may be labeled as a
sum* graph. Similarly the mod sum* number is the
minimum number of incidentals needed so that the union of
graph and incidentals may be labeled as a mod sum* graph.

Theorem 4.1. 6 * (P,®K;) = 0 forn > 2.
Proof. Let V(P,®K;) = (4, B) be the bipartition of a graph
P,®OK; with A = {ay,a,, -, a,}, where a; < a, < - <a,
and q; is not adjacent to a; with i # j, B = {by, by,**+, by},
where by < b, < -+ < by and b; is not adjacent to b; with
i #j. Let S=AUB. The sum* labeling for the graph
P,©K; is as follows.
xfa}=(0G—-1) for i=12,---,m
j=12,-,n.
Hence, we get y{a;} + x{a;;,J €S fori=1,2,-,n—1
and y{a;}+ x{b;}=2n—-1fori=1,2,---,n.

The above labeling is a sum* labeling of the
graph P,®K,; and o * (P,OK,) =0 forn = 2. [

)({bj} =2n—j for

Theorem 4.2. p * (B,®K;) = 0 forn > 2.

Proof. Let V(B,®K;) = (4, B) be the bipartition of a graph
B,OK, with A = {ay,a,,---,a,}, where a; < a, < - < a,
and a; is not adjacent to a; with # j, B = {by, by, -+, by},
where b; < b, <+ < b, and b; is not adjacent to b; with
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i #j.LetS=AUB.The mod sum* labeling for the graph
P,©K, is as follows.
xf{a,}=(@G{—-1) for i=1,2,---,n
j=1,2,-,n with modulus z = 2n.
Thus the above labeling is a mod sum* labeling of the graph
P,®OK, and * (P,OK;) =0forn >2. [J

x{b}=2n—j for

Theorem 4.3.. ¢ * (C,0K,) = 0 forn > 4.
Proof. =~ We have either n= 2k+1(k =2) or n=
2k (k = 2).
Case 1: Letn = 2k + 1 (k = 2).. Consider the following
cases.
Fact 1: Sum* labeling schemes for the graph C,®K; as
follows.
e a;=(k=-DN+1, b= ({(—1N,i=1,2-,k;
o di= Rk+i—-2)N+2,e=@Bk—i—1)N+

3,i=1,2,-,k;

e ay,,=kN+1,dy,;=kN+2, where N =5 is
an integer;

o et

A= {aliaZJ'"!ak!ak+1 },B =
{b11b2:"'!bk }:D = {dlidZ""'dk'dk+1 }'E =
{e;, €5, },S=AUBUDUE.

e The vertices of S are distinct;

e b;+bj¢Sforanyb;,b; € B (i #j,i+ 1)
e d+d;¢&Sforanyd;d; €D (i #j);

o e te ¢Sforanye;,e €E (i #j).

e a; +b; € Sifandonly if a; is adjacent to b;;

e aq+d;es if and only if i=j and
arbpazby_y -+ ar_1byaxbiay 110, isacycle Copyq;

e a;+e gSforanya; € Aandforanyanye; € E;

e b;+d; ¢5 for any b; €B and for any any
d]- € D;

e b te €Sifandonlyifi=j.

Case 2: Let n = 2k (k = 2). Consider the following facts.

Facts 1: Sum* labeling schemes for the graph C,®K; is as
follows.
e a,=k-0ON+1, b= ({—1DN,i=1,2-,k.
e di=(k+i—-1DN+1 e=Bk—i—1N+
2,i=1,2,-,k, where N > 5 s an integer.
o Let A= {ay,ay--,a,},B= {by,by,--, b },D =
{d,,dy, -+, di L E = {e,e5 e, L, S=AUBU
DUE.

e The vertices of S are distinct;

e b;+bj¢Sforanyb;,b; € B (i #j,i# 1)
e d;+d;¢Sforanyd;,d; €D (i #j);

e e te gSforanye;,e €E (i # ).

e a; +b; €Siff a; is adjacent to b;.
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Fact 3:

e a;+d;es if and only if i=j and

a;bpayby_q -+ ay_1b,a;,byay isacycle Cyy;

e a;te g&Sforanya; € Aandforanyanye; € E;

e b;+d; ¢S for any b; € B and for any any

d] € D;

e b;t+e eSifandonlyifi=j;

e d;+e ¢Sforanyd; €Dandforanyanye; €E.
From the facts given above, we conclude that the above
labeling is a sum* labeling of graph C,,©K; forn > 4 with
o * (C,©OK;) = 0 and hence the proof.

Theorem 4.4..p * (C,OK;) =0forn > 4.

Proof. We have either n= 2k+1(k =22) or n=
2k (k = 2).

Case 1: Letn = 2k +1(k = 2).. Consider the following

cases.

Fact 1: Mod sum* labeling scheme for the graph C,,®K; is

as follows.

e a,=((k-0ON+1, b= ((—-1DN,i=1,2,-,k;

e di=(kk—-iN+2, ¢e=(k—-iN+3,i=

1,2, k;
o ay.,=kN+1,dy,; =kN+2
z = kn, where N > 5 is an integer;
o Let
A= {al' Az, 0, Ay Ay }:B =
{blﬂ bZ' Y bk }' D= {dlv d2! Y dk! dk+1 }: E=
{e;,e;,,e, L, S=AUBUDUE.

with  modulus

e  The vertices of S are distinct;

e a;+b;modzEe Sifandonlyif a; isadjacentto b;;

e a;+d;jmodzeSifandonlyif i =j;

e b;,+emodzEeSifandonlyif i =j;

*  a;biayby_q - ag_1byarbiay1ay isacycle Cypyy.
Case 2: Letn = 2k (k = 2). Consider the following facts.
Factl: Mod sum* labeling scheme for the graph C,,®K; is as
follows.

e a,=k—-0ON+1, b= (G—-DN,i=12-k;

o di=(k+i—1N+1,¢=CBk—-i—1N+

2,i=1,2,---,k with modulus z=(Mn+k—1)N,
where N > 5 is an integer;

o Let A= {ay,a,,a.},B= {by,by,,b},D =

{d,,dy, -+, di L, E = {e, 5,6, ,S=AUBU
DUE.

e The vertices of S are distinct;

e a;+b;modze Sifandonlyif a; isadjacentto b;;
e a;+d;modze€Sifandonlyif i =j;

e b;+emodzeSifandonlyif i =j;

o a,bya,by_; - ay_1byaibia, isacycle Cyy;

e d;+e ¢Sforanyd; € Dandforanyanye; €E.
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From the facts given above, we conclude that the above
labeling is a mod sum* labeling of graph C,®K, forn = 4
with p * (C,®K;) = 0 and hence the proof. U

V. CONCLUSION

This article gives sum* and mod sum* labeling to some new
classes of graphs and determine their sum* and mod sum*
numbers. The graphs explored in this article include K,, —
E(K,), Ky n forn =2, K, , — E(nk,) forn > 2, B,OK,
forn =2 and C,OK, for n = 4. To the best of our
knowledge this is the second article dealing with sum* and
mod sum* labeling and the only other article available in
literature is the one given by M. Sutton [1] who introduced
these labeling concepts. As not much progress has been done
in this area there is huge scope for further explorations.
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