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Abstract— A sum divisor cordial labeling of a graph G with vertex set V is a bijection f from V to {1,2,...|V [} such

that an edge UV is assigned the label 1 if 2 divides f (u)+ f (V) and 0 otherwise, then number of edges labeled with 0 and

the number of edges labeled with 1 differ by at most 1. A graph with a sum divisor cordial labeling is called a sum divisor
cordial graph. In this paper, we have derived sum divisor cordial labeling of ringsum of some graphs with star graph Ky .

Keywords— Sum divisor cordial labeling, ringsum of two graphs AMS Subject classi cation number: 05C78.

I INTRODUCTION A Lourdusamy, F. Patrick and J. Shiama introduced

the concept of sum divisor cordial labeling of graphs.

By a graph, we mean a simple, finite, undirected graph.
For terms and notations related to graph theory which
are not defined here, we refer to Gross and Yellen[5]
and for standard terminology and notations related to
number theory we refer to Burton[2]. In this paper we
discuss sum divisor cordial graph with a certain graph
operation namely ring sum of graphs

Remark 1.1. Throughout this paper |V(G)| and f
denote the cardinality of vertex set and edge set of
graph G respectively.

1.1 Definitions

Varatharajan et al. introduced the concept of divisor
cordial labelling of a graph.

Definition 1.1 (Varatharajan et al.[8]). Let G = (V, E)

be a simple graph and f :V(G) —»{1,2,...,|V(G) |}
be a bijection. For each edge e = uv, assign the label 1
if f(u)|f(v) or f(v)| f(u) and the label 0
otherwise. The function f is called a divisor cordial
labeling if | e, (0) — e, (1) [<1. A graph which admits a
divisor cordial labeling is called a divisor cordial graph.
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Definition 1.2 (Lourdusamy et al.[6]). Let
G=(,E) be a simple graph and
f:V(G)—>{1,2,...,|V(G)|} be a bijection. For
each edge edge e = uv, assign the label 1 if f(u,)=1
and the label O otherwise. The function f is called a
sum divisor cordial labeling if |e, (0)—e, (1) |<1. A

graph which admits a sum divisor cordial labeling is
called a sum divisor cordial graph.

The divisor cordial and sum divisor cordial labeling of
various types of graphs are presented in [6, 7, 8, 9].

Definition 1.3 (Gallian[3]). Ring sum of two graphs
G; = (V1, Ey) and G, = (V,, E) is denoted by G; &
Gy, where G; @ G, = (V1 U Vy, (E1 U Ep) — (E1 N
E,)).

Remark 1.2. Throughout this paper we consider the
ring sum of a graph G with star graph K., by
considering any one vertex of G and the apex vertex
of K.,» as a common vertex
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1. SUM DIVISOR CORDIAL LABELING OF RINGSUM
OF GRAPHS WITH STAR GRAPH

Theorem 2.1. C, @ K_, is a sum divisor cordial graph
forall n.

Proof. Let V (C, @ Ky,) = V1 U V,, where V; =V (Cp)
= {Ul, U, ..., Un} and V,=V (Kl,n) = {V =U4q, V1, Vo, ..
., Vn}. Here v, vo, . . ., v, are pendant vertices and v is
the apex vertex of Ky .

|V (Cn @ Kl,n)l = |E(Cn @ Kl,n)l = 2n-

We define labeling f : V (C, @ Ky) — {1,2,3, ...,

[V (Ch @ Kyp)|} as follows.

f(u = 2i—1; 1<i<n,

f(v) = 2j; 1<j<n,

According to this pattern the vertices are labeled
such that for any edge e = u;uj,q in C,,

f(u) | f(uiz1), 1<i<n.

Also

f(v) does not divides f(vj) 1 <j<n
Hence e, (0)=n+le, (1) =n+2.

Example 2.1. Sum divisor cordial labeling
of the graph Cs @ K5 is shown in Figure 1
as an illustration for Theorem 2.1.

2 4 6 8 10

Figure 1

Definition 2.1.[3] A chord of a cycle C, is an edge
joining two non-adjacent vertices

Theorem 2.2. G @ K, is sum divisor cordial graph for
n=4,n € N, where tt is cycle C, with one chord and
chord forms a triangle with two edges of C,..

Proof. Let G be the cycle C, with one chord, V (G) =
{ug, Uy, . .., uy} and e = u,u, be the chord of C,. The
vertices uy, U, . .. U, forms a triangle with chord e.

Let V (Kyn) ={v, V1, Vo, . . ., Vp}, where v = u; is the apex
vertex and vy, Vs, . . ., V, are the pendant vertices of Ky ..
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[V (G @ Kin)| =2nand |E(G BKypn)| =2n+ 1.
We define labeling f: V (G @ Ki,) — {1,2,3, ...,
2n} as follows.
f(u) = 2i—-1; 1<i<n,
f(v) = 2j; 1<j=n,
According to this pattern the vertices are labeled such
that for any edge e = u;ui+; in C,,,
f(u) | f(uir) 1<si<n
Also
f(v) does not divides f(v;) 1<j<n
Hence e, (1) =n+1Le,(0)=n

Thus |e, (0)— e, (1) [<1.

So, G @ K, is a sum divisor cordial graph,where G is
the cycle C,, with one chord.

Example 2.2. Sum divisor cordial labeling of ringsum
of Cs with one chord and K, ¢ is shown in Figure 2 as an
illustration for Theorem 2.2.

2 4 6 8 10 12

7
Figure 2

Definition 2.2.[3] Two chords of a cycle C, are said to
be twin chords if they form a triangle with an edge of
Ch.

For positive integersnand pwith5<p+2<n,Cypis
the graph consisting of a cycle C,, with a pair of twin
chords with which the edges of C, form cycle C,,C;
and Cy.,-p Without chords.

Theorem 2.3. C,; @ K, is a vertex odd divisor
cordial graph, forn=5,n € N

Proof. Let V (C,3) = {us, Uz, . . ., Up}, €1 = Uoup and
€, = Usu, be the chords of C,..
Let V (Kin) = {v =uy, vy, Vo, . . ., Vp}, Where v is the
apex vertex and vy, V,, . . ., V, are pendant vertices of
K1 n.
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|V (Cn,S @ Kl,n)l =2n and |E(Cn,3 @ Kl,n)l =2n+2.

We define labeling f : V (Chs @ e Ki) — {1,2,3, ..
., 2n} as follows.

f(uy) = 1

f(u,) = 3

f(us) = 2n

f(u) = 2i-3; 4<i=sn
fv)) = 2j; l<jsn-1
f(va) = 2n-1

According to this labeling, the vertices are labeled such
that e, () =n+1=e,(0).
Thus | e, (0)— e, (1) |<1.
Hence the graph under consideration admits sum divisor
cordial labeling. Thus C, 3 @ Ky, is a sum divisor cordial

graph.
Example 2.3. Sum divisor cordial labeling of C; 3 @ K ;
is shown in Figure 3 as an illustration for Theorem 2.3.

2 4 6 8 10 12 13

11

7 14
Figure 3

Definition 2.3.[3] The cycle with triangle is a cycle
with three chords which by themselves form a triangle.
For positive integers p,gq,randn=6 withp+q+r+3
= n, Cu(p, g, r) denotes the cycle C, with triangle
whose edges form the edges of cycles Cp.z, Cgi2, Criz
without chords.

Theorem 2.4. C.(1, 1, n — 5) @ K, , is a sum divisor
cordial graph, forn=6,n € N.

Proof. Let V (Cy(1, 1, n = 5)) = {ug, Uy, . . ., Up},
where e; = UjU3, €, = UzU,—;, and ez = UyU,—, are chords
of C,, which by them selves form triangle.
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Let V (Kyn) ={v =ug, Vi, Vo, . . ., Vu}, Where v is the
apex vertex and vi, V,, . . ., v, are the pendant
vertices.

[V (Cn(1,1,n=5) @ Ky, =2n and |[E(Cn(1,1,n = 5)
BKin)| =2n+3.

We define labeling f : V(Cn(1,1,n-5) @ Ky ,) —{1,2,
3,...,2n}as follows.

f(u,)=1
f(u,)=2n
f(u)=2i-33<i<n,
f(u;)=2j1<i<n-1
f(v.)=2n-1.

In view of above defined labeling pattern

e, (0)=n+Le, D) =n+2

Thus |e, (0)— e, (1) [<1.

Hence C,(1, 1, n — 5) @ K, is a sum divisor cordial
graph.

Example 2.4. Sum divisor cordial labeling of
ringsum of cycle with triangle Cg(1, 1, 3) and Ky is
shown in Figure 4 as an illustration for Theorem 2s.4.

2 4 6 8 1012 14 15

13

9

Figure 4
Definition 2.4.[3] The wheel graph W, is defined as C,
+ K. The vertices corresponding to C,

are called rim vertices and the vertex corresponding to K;
is called apex.

Theorem 2.5. W, @ K, is a sum divisor cordial
graphforn=3,n € N.

Proof. Let V (Wn @ K;,)) = V; U V,, where V; =V (Wn)

={u, U, Uy, ..., Uy}, U is apex vertex and
{ug, Uy, ..., un} are rim vertices; V, =V (Kyn) = {v = uy, vy,
Vo, ..., Vo} Vi, Vo, . . ., V, are pendant vertices and v be the

apex vertex.
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|V (Wn @ Kl,n)l = 2n + 1: |E(Wn @Kl,n)l = 3n-
We define labeling f : V (W, @ K;,) — {1,2,3, ...,
2n + 1} as follows

i ;i=0(mod4)
f(u)=<i+1 ;i=12(mod4)
i+2 ;i=3(mod4) (2<i<n)
fu =2

fuu=v) =1
f(vj) =f(uy) +j; 1<j=n.
Then we have

e,(1)= F’ﬂe OF %”J

Thus | e, (0)— e, (1) [<1.

Hence the graph under consideration admits sum divisor
cordial labeling.

Thus W,, @ K, is a sum divisor cordial graph.

Example 2.5. Sum divisor cordial labeling of W &
Kl,G

is shown in Figure 5 as an illustration for Theorem 2.5.

g 10 11,,

Figure 5

Definition 2.5.[3] The flower graph fl,(n = 3) is
obtained from helm H, by joining each pendant vertex
to the central vertex of H,,.

Theorem 2.6. fl, @ K, , is a sum divisor cordial graph
forn=23,n € N.

Proof. Let V (fl, @ Ky,) = ViU V,,

Vi =V (fly) ={u, ug, Uy, ..., Uy, Wy, Wo, ..., Wi},
where u is the apex vertex, u;, Uy, . . ., U, are
internal vertices and wy, Wy, . . ., w, are external
vertices;
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Vo =V (Kyp) ={v=wy vy, vy, ..., Vp} be the vertex
set of Ky, where vy, v,, . . ., v, are pendant vertices
and v is the apex vertex of Ky p.

IV (Fln @Kyn)l=3n+1, [E(Fl, DKy n) = 5n.

We define labeling f : V (fl, @ Kyn) — {1, 2,3, ...,
3n + 1} as follows.

f(u =1
f(u) = 2i + 1; 1<i=<n
f(w;) = 2i; 1<i<n

f(v)) =f(up) +j;1<j=n
Then we have

o= 3] e 0= 3|

Thus |e, (0)— e, (1) |<1..

Hence the graph under consideration admits sum
divisor cordial labeling.

Thus fl, @ K, is a sum divisor cordial graph.

Example 2.6. Sum divisor cordial labeling of fl; @ Ky 4
is shown in Figure 6 as an illustration for Theorem 2.6.

12 13

Figure 6

Definition 2.6.[3] The gear graph, denoted by G,, is
obtained from the wheel W, by adding a vertex between
every pair of adjacent rim vertices of W,,.

Theorem 2.7. G, @ K, is a sum divisor cordial graph
for all n.

Proof Let V (G, @Ki,n) =ViU Vo,
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Vi =V (G) ={u, uy, Uy, ..., Uy, }, where u is the apex
vertex, Ug, Us, . . ., Uyng are vertices with degree 3 and
Uy, Ug, . . ., Usy are vertices with degree 2;
Vo =V (Kyn) ={v =wy, Vg, Va, . .., Vp} be the vertex set
of Ky n, where vy, vy, . . ., v, are pendant vertices and v is
the apex vertex of Ky .
[V (Gn @ Kyin)| =3n+1, |E(G, BKyn)| =4n.
We define labeling f : V (G, @ Ky) — {1,2,3,...,3n
+ 1} as follows.
Case:1 n = 1,3(mod4)

fu =2

f(u=v) =1

f(vj)) =f(uy) +j; 1=<j=n.
i+1 ;i=12(mod4)
fu)=4i+2 ;i=3(mod4)

I ;1=0(mod4) (2<i<n)
Case:2 n = 2,4(mod4)
f(u =2
f(u=v) =1

f(vy) = f(un) +j;
f(v) = 2n
f(up) =3n+ 1

i+1 ;i=12(mod4)
f(u)=4i+2 ;i=3(mod4)
i ;i=0(mod4) (2<i<n-1)
Then we have e, (1) =n-1¢e,(0) =n.
Thus |e, (0)—e, (1) |<1.

1<j=n-1.

Hence G, @ Ky, is a sum divisor cordial graph.

14 12

15 16

17 18

Figure 7
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Example 2.7. Sum divisor cordial labeling of Gs @ Ky
is shown in Figure 7 as an illustration for Theorem 2.7.

Theorem 2.8. P, @ K;, is a sum divisor cordial graph
for all n.

Proof. Let V (P, @ Ki,) = V1 U V,, where V; =V (Pn)
={uy, Uy, ..., uyand Vo, =V (Kyp) ={v=ug vy, vy, ...

, Vn }- Here vy, vy, . . ., v, are the pendant vertices and,
v is the apex vertex.

[V (Pn @ Kin)l =2n, [E(Py @ Kip)| =21 — 1.

We define labeling f : V (P, @ Ky,) — {1,2,3,...,2n}
as follows.
f(u) = 2i; 1<i=n,

f(vp)) = 2J-L;1<j=n.
Then we have e, (1) =n-1e, (0) =n.

Thus | e, (0)—e, (1) [<1.

Hence the graph under consideration admits sum divisor
cordial labeling.

Thus P, @ Kj , is a sum divisor cordial graph.

Example 2.8. Sum divisor cordial labeling of Ps @ Kj s
is shown in Figure 8 as an illustration for Theorem 2.8.

1
3
10 8 6 4 2
® ® @ L @5
7
9

Figure 8
Definition 2.7.[3] The shell Sn(n > 4, n € N) is the graph
obtained by taking n — 3 concurrent chords in the cycle Cn.
The vertex at which all the chords are concurrent is called the
apex vertex of S,,.

Theorem 2.9. S, @ K, is a sum divisor cordial graph
foralln € N.

Proof. Let V (S, @ Kypn) =Vi U V,,

Vi =V (Sy) ={ug, Uy, ..., Uy}, where uy is apex vertex; V,
=V (Kyn) ={v=uy vy, Vo, . .., Vp}, Where vi, v, . . ., Vy
are pendant vertices and v is the apex vertex of Ky p.

|V (Sn @ Kl,n)l =2n+1, |E(Sn @ Kl,n)l =3n-1.

We define labeling f : V (S, @ Kin) — {1,2,3,...,2n
+ 1} as follows
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i+1 ;i=0,1(mod4)
f(u)=<1+2 ;i=2(mod4)

i ;i=3(mod4) (2<i<n)

f(ui=v)=1,

f(v) = f(un) +j;
Then we have

1<j=n.

Cases of n Edge conditions

_ 3n—1 _ 3n_1
e
4)

_3n-1_
n = 1, 3(mod e (1) = > =e,(1)
4)

Thus [e, (0)— e, (1) [<1.

Hence the graph under consideration admits sum divisor
cordial labeling.

Thus Sn @ K1,n is a sum divisor cordial graph.
Example 2.9. Sum divisor cordial labeling of S7 @
K1,7 is shown in Figure 9 as an illustration for
Theorem 2.9.

9 10 11 12

13 14 15

Figure 9
Definition 2.8.[3] The double fan DF, is obtained by P,
+ 2Kl
Theorem 2.10. DF, @ K;, is a sum divisor cordial
graph for all n.
Proof. Let V (DFn @ Ki,) = V1 U V,,
V1=V (DFn) = {u, w, uy, Uy, ..., U}, where u, w are
two apex vertices of DFn;
Vo=V (Kyn) ={v=w,Vy, Vy, ..., Vo}, Where vy, vy, . ..
, Vy are pendant vertices and v is the apex vertex of Ky .
|V (DF, @ Kin)| =2n+ 2, |E(DF, @ Kypn)| =4n - 1.
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We define labeling f : V (DF, @ Kyn) — {1,2,3, ...,
2n + 2} as follows.

f(uy =2
f(v=w) =1
i+2 ;i=0,1(mod4)
f(u)=<i+1 ;i=3(mod4)
i+3 ;i=2(mod4) (1<i<n)

Case:1 n=0, 1, 3(mod4)

f(v;) =f(Un) +J; 1<j<n.
Case:2 n = 2(mod4)
f (Vl) =n+2

f(v) =f(un) +j; 2<j=n

In view of the above labeling pattern we have

Cases of n Edge conditions
n =0, 2(mod 4) e;(0) =2n,e;(1)=2n-1
n =1, 3(mod 4) er(1) =2n,e;(0)=2n-1

Thus | e, (0)— e, (1) [<1.
Hence the graph under consideration admits sum
divisor cordial labeling.

i.e. DF, @ Ky, is a sum divisor cordial graph.
Example 2.10. Sum divisor cordial labeling of

DFs @ K5 is shown in Figure 10 as an illustration

10

for Theorem 2.10.

Figure 10
Theorem 2.11. K,, @ K, is a sum divisor cordial
graph for all n.
Proof. Let V (Kyn) = V1 U V,, Vi = {u, w}, V, = {uy,
Uy, ..., Uy}and

V (Kin) =Va={V=uUy Vi, Vo, ..., Vo}, Where vy, Vs, . .
., V, are pendant vertices and v is the apex vertex of
Kin-
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ThenV (Ko @ Kip) =ViU Vo U Vs, sum divisor cordial graphs in context of ringsum of
IV (Kon @ Kl =20 + 2, [E(Kzn @ K| = 3n. graphs.
We define labeling f : V (Ky, @ Kin) — {1,2,3, ..., REFERENCES
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1. CONCLUDING REMARKS

The sum divisor cordial labeling is an invariant of
divisor cordial labeling by considering codomain as
finite set of numbers. It is interesting to see that if two
graphs are sum divisor cordial then their ringsum is
sum divisor cordial or not. We have investigated eleven
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