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Abstract— Fuzzy set theory and rough set theory are two formal mathematical tools to handle vagueness, imperfection or
incompleteness in data. Fuzzy rough set theory is an embodiment of the prime features of both the theories. This hybrid theory
has been proved to be an effective tool for data mining, particularly for feature selection. In this paper, generalized fuzzy rough
approximations based on divergence measure of fuzzy sets in an information system is defined using a fuzzy implicator and a
fuzzy t-norm. Also, the properties of the fuzzy rough approximations are investigated. Further, an algorithm for feature
selection using the fuzzy boundary region of the proposed approximations is presented and experimented with twelve real data

sets.
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l. INTRODUCTION

In this digital era, the extraction of useful knowledge from a
huge amount of raw data is a great challenge[1,2,3]. Both
fuzzy set theory[4] and rough set theory[5] address the
problem of vagueness, imperfection or incompleteness in
data. The successful applications of these theories in various
fields have lead to a hybrid theory known as fuzzy rough set
theory.

Fuzzy rough set theory has been successfully applied in
feature selection[6]. Many different approaches to fuzzy
rough sets are available in the literature. Most of the
definitions are based on fuzzy relations[7,8,9,10,11]. The
concept of divergence based fuzzy rough sets is introduced
by T. K. Sheeja and A. Sunny Kuriakose[12]. In this paper,
the generalized divergence based fuzzy rough lower and
upper approximations of a fuzzy set in a fuzzy information
system are defined using the a fuzzy implicator and a fuzzy t-
norm. The properties of the proposed approximations are
investigated. Further, an algorithm for feature selection using
the fuzzy boundary region is presented. The proposed
algorithm is implemented using an OCTAVE program and
experimented with twelve real data sets.

The rest of the paper is structured as follows: Section 1l
recalls some basic concepts related to fuzzy set theory and
fuzzy rough set theory. The generalized fuzzy rough
approximations based on divergence measure in a fuzzy
information system is defined in section Il and their
properties are studied. Section IV describes an algorithm for
feature selection using the fuzzy boundary region in the
proposed. The experimental results of the application of the
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proposed algorithm to twelve real data sets is presented in
Section V. The conclusion and future work are given in
section VI.

Il.  RELATED WORK

In this section, some basic concepts related to fuzzy rough
set theory are recalled. Further details of fuzzy set theory and
rough set theory can be found in [13,14].

A. Fuzzy implicators

A fuzzy implicator[10] is a function 7:[0,1 x [0,1] - [0,1]
such that 7(1,0) =0, 7(1,1) =3(0,1) = 7(0,0) = 1. The
implicator 7 is called a border implicator iff 7(1,x) = x,
Vx € [0,1]. The implicator 7 is said to be left monotonic if it
is decreasing on its first argument and right monotonic if it is
increasing on its second argument.

Let 7, § and V" be a fuzzy t-norm, t-conorm and a negator
respectively. Then, the implicator J(a,b) = T[N (a), b] is
called an S-implicator[13]. If T is continuous, then the
implicator J(a,b) = sup{A € [0,1] : T(a, 1) < b} is called
an R - implicator[13]. If T and S are dual with respect to V',
then J(a,b) = S[N(a),T (a, b)] is an implicator known as a
QL implicator[13].

B. Divergence measure

Let F(U)be the family of all fuzzy sets on U. Then a
function §: F(U) x F(U) — [0,1] is called a divergence
measure[15] ifand only if V A, B, C € F(U),

i. &(A,B) =6(B,A)

ii. 6(4,4A)=0

iii. max{6(AUC,BUC),6(ANnC,BNC)}<6(A,B)

809



International Journal of Computer Sciences and Engineering

C. Fuzzy rough sets

Let U be a nonempty set of objects and Rbe a fuzzy
equivalence relation on U. then, the pair (U,R)is called a
fuzzy approximation space. The fuzzy rough lower and upper
approximations of a fuzzy subset A € U defined by Dubois
and Prade[7] are given by

HURr (A)(x) = infye vimax[1 — R(x, ), us ()1} 1)
Hra) (x) = supye p{min[R(x, y), ua(¥)1} (2)

Radzikowska and Kerre[10] generalized this definition by
replacing the max and min operators by a border implicator
J and a t-norm T 'respectively.

.Ug(A)(x) = infyeUJ[R(x'Y)n“A(J’)] (3)
By () = supyey T(R(x,y), 1a(y)] 4

Afterwards, many extensions and generalizations of fuzzy
rough approximations have been proposed by many authors
[8,11,16,17,18]. A review of the different approaches to
fuzzy rough set is presented in [19].

D. Feature selection using fuzzy rough sets

Fuzzy rough set theory has been successfully applied to
feature selection. A number of papers were authored by
Jensen and Shen[20,21,22] in which they develop a fuzzy
rough quick reduct algorithm. Another approach to fuzzy-
rough feature selection is to use fuzzy entropy as a criteria
for feature selection[22]. Algorithms based on discernibility
matrix to compute the attribute reducts are also proposed by
many authors[9,23]. Fuzzy boundary region based feature
selection methods are also there in the literature[23,24,25].

I11.  DIVERGENCE BASED GENERALIZED FUZZY ROUGH

APPROXIMATIONS

Let (U,C,D) be a fuzzy information system, where U is a
nonempty set of objects, C is the set of fuzzy conditional
attributes and D is the set of decision attributes. If P < C,
then each object x € U can be associated with a fuzzy set
P, on C, with membership function

a(x), ifa € P
0, otherwise

e (@) = { ©

Definition 3.1: Consider (U, C, D), with U = {xq, x5, ..., X, },
C ={a;, a3, ...,a,} and D ={d,,d,,...,d;}. Let 6(4,B)
be a divergence measure of fuzzy sets. Then, the divergence
matrix of U with respect to P < C is defined as

Ap = [8,]  where 6; = S(Pxi,ij), Vij=12,...,n(6)

Remark 3.2: If the range of & is not a subset of [0,1], then
the normalized divergence matrix may be considered where

———~—— Therefore,
maxi,j( ‘Sij)

the matrix entries are given by §;;" =
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without any loss of generality, it may be assumed that
0S6U < 1, Vl,] = 1,2,...,71.

Definition 3.3: Let (U, C, D) be a fuzzy information system.
Consider a border implicator 7 and a t-norm 7. Then, the
divergence based generalized fuzzy rough lower and upper
approximations of a fuzzy set A on U with respect to the
divergence measure & are defined Vx; € U as

usay () = infiep I[1 = 8ijy pta ()] U]
(X)) = Supyey T[1 - 8ijta()] (8)
respectively.

Next, we will show that the proposed approximations are
fuzzy setson U.

Proposition3.4: The divergence based generalized fuzzy
rough lower and upper approximations of a fuzzy set A on U
are fuzzy sets on U.

Proof: Clearly, pu,(x;) €[0,1], Vx; € U and §;; € [0,1]
Vi, j= 1,2,...,n. Again, the range of the implicator 7 is a
subset of [0,1]. Therefore, ps(4)(x;) € [0,1], Vi. Similarly,
ME(A)(XJ €[0,1], vx; € U.

The properties of the proposed approximations are given in
the following theorems.

Theorem3.5: The general properties of the fuzzy rough lower
and upper approximations with respect to § are as follows:

i. S(A)SAC §(A), VAEF(C)

i. 8(¢)=¢ =25
iii.
. 0(U) =U if Jisleft monotonic
b. s§(U)=U
iv.
a. ASB=4§(A) € é(B)if Jisright monotonic.
b. ASB=6(A) < 8(B)
V.

a. (@) =a,vae€[01] if Jisleft monotonic
b. §(&) =&, Va € [0,1]
Proof:
i. Hg(A)(xi) = inijeu I - 6ij'#A(xj)]
I[1 = 845, a(x)]
I[1, ua(x;)], since 6; =0
ua(x;),vVx; € U, as 7 is a border implicator
AlSO, ME(A)(xL) = supijU T[l - 8L'j' #A(x])]
= T[1 — &y pa(x)]
=T[1, pa(x)]
= pa(x;),V x; € U,since T(1,x) = x
Thus, §(A) € A € 5(A),VA € F(U).
ii. By property (1), § (¢) S ¢. Also, ¢ < 5(¢h).
Hence, 8(¢) = ¢. Again, uy(x;) =0,Vx; € U.

TRV
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SO, :T[l — 511,,u¢(xj)] = T[l — 5,:]', ]
Now, as T is an increasing function, the value of
T[1—6;;,0] will be the supremum, when (1 — §;;)
will be the maximum. The maximum value of
(1 — 61.]) is 1. SO, /.lg(¢)(xl) = T[l,O] = O,in ev.
_ Thus, §(9) = =5(¢).
iii.
a. Wehave, uy(x;) =1, vx; € U.
SO, 7[1 — 511,;1[,()6])] = 7[1 — Sij,l], Vx] ev.
If 7 is left monotonic, then 7[1 — §;;, 1] will be
minimum when (1 —§;;) is maximum. Hence,
ks (x) = inijeU 7[1 = bij) 1]
= J[1,1]=1,Vx; €U.
Thus, § (U) = U.
b. .“E(U)(xi) = supijUT[l - é‘ijnuU(xj)]
= SUpyeu T[l — (S'ij, 1]
= SUpyeu [1 — (S‘ij] =1.
Thus, §(U) = U.

a. IfAc B, then py(x;) < pp(x;), vx; € U.
So, if 7 is right monotonic, then Vx; € U,
9[1 = 64, ma(x)] < 9[1 = 8, 8 (7))
Therefore, inf, ey I[1 =85, ua(x))]
< infyev I[1 - 8:j s (x)].
Thus, §(A) & §(B).
b. By definition, T is an increasing function.
Also, p,(x;) < pp(x;),vx; € U. So,
T[l - 51']', #A(x])] < :T[l - 6iji HB(Xj)], ij ev.
Therefore, supy ey I[1 — 8;j, 1a(%;)]
< SUPxjeu - 5ij:.“3(xj)]-
Thus, §(4) € 6(B) .

a. For all fuzzy constants & , uz(x;) = a,vx; € U. If
J is left monotonic, 7[1 — &;;, ua(x;)] decreases
as (1 -—6;;) increases. Therefore, the infimum
corresponds to the maximum value of (1 —4;;),
which is 1. Thus, pus@)(x) =91 a] = a.

Thus §(@) =&, Ya € [0,1].

b. Since, ua(x;) = @, Vx; € U and T is an increasing
function, the supremum of T[1— 68, ua(x;)]
corresponds to the maximum value of (1 —§;;),
which is 1. Hence, supy. ey T[1-6j,a] =a
Therefore, (&) = &, Va € [0,1].

Corollary 3.6: All S-implicators and R-implicators satisfy
properties (i) to (v) and all QL implicators satisfy properties
(i), (i), (iiib), (iv) and (vb) of theorem 1.
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Proof:

The result follows directly from the fact that all S-implicators
and R-implicators are hybrid monotonic and all QL-
implicators are right monotonic.

Lemma 3.7: If V' is an involutive fuzzy complement, then
Nlinfie;(a;)] = sup;e; [V (a;)] , where ] is an index set
and a; € [0,1],Vi€E].
Proof: IV is a decreasing function on [0,1]. Therefore, we
have, infie;(a;) < a; = N (infig;(a;)) = N(a), Vi €].
This means that V' (infie;(a;)) is an upper bound for the set
{N(a;) : i €]}. Let k be any upper bound for this set. Then
k = N(a;),Vi€e]. SinceV is decreasing and involutive,
N (k) < a;,Vi€]. Hence, V(k) < infie;(a;). Therefore,
k = N (infie;(a;)). Thus, NV (infie;(a;)) is the least upper
bound. That is, V' (infie;(a;)) = sup;e; [V (a;)].
Theorem 3.8: Consider a fuzzy t-norm T, a fuzzy negator
Nand a fuzzy implicator 7. If M (J(a, b)) = T (a, N (y)),
then VA € F(C),
i, (S(A9)C < 6(A),VA € F(C)
ii. (8(A%)° < 8(A),VA € F(C)
Proof: s(acyc(x) = N{infy ey 7 [1 = 8ij, ptac(%)]
NA{infy;e[1 - 8ij, NV (ua(x N1}
supy ey N{I [1 - 817, NV (ua(x D13
Supy ey T{1 — 817, N[V (a(x;))1}, by assumption

= supyjey T{1 = 6ij a(;)}

= .UE(A)(xi)
Therefore, (§(A%))¢ < 6(A),VA € F(U)
Similarly, (§(A%))¢ € §(A),VA € F(U).
Theorem3.9: Let (7,S8,N) be a dual triple, where T is a
fuzzy t-norm, § is a fuzzy t-conorm and N is an involutive
fuzzy complement such that 7 and § are dual with respect
to V. Then the divergence based fuzzy rough lower and

upper approximations are dual to each other if the impicator
is the S-implicator determined by the fuzzy t-conorm §.

v

Proof: u@(AC))c(xl-) = N{inijeu J[1 - 6i]-,uAc(x]-)]
N{infyev I[1 = 81 IV (a ()13
= supyegN{I[1 - 8ijy N (a ()1}
supy;epT{1 - 8ij NIV (ua (D13,

since T and § are dual w.rt v
= supy;ey T{1 — 8ijrta(x)}
= HE(A)(xi)

Corollary3.10: If 7,8 and V represent the standard fuzzy
intersection, union and complement respectively and 7 is the
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S-implicator based on T°. Then, the divergence based fuzzy
rough lower and upper approximations are dual to each other.

Theorem3.11: Let (T, S,N) be a dual triple, where T is a
fuzzy t-norm, S is a fuzzy t-conorm and N is an involutive
fuzzy complement such that 7 and § are dual with respect
to V. Then the algebraic properties of the fuzzy rough lower
and upper approximations with respect to o are given
below:

i. IfJ[a,T(b,c)]=T[I(a,b),I(a,c)],then
8(AnB) 2 §(4) N 8(B)

ii. fT[a,7(b,c)]=T[T(a,b)T(a,c)] then

§(ANB) 2 §(A) Nn&(B)

iii. §(AUB)238(A) VU (B),if7and S satisfy
J(a,8(b,c) =2 8((a,b),I(a,c)

iv. 5(AUB) C6(4)US(B),ifT and S satisfy
distributive laws.

Proof

I. llg(AnB)(xi) = inijeu I - 6ijv,uAnB(xj)]
= infyep I[1 = 8, T (a (%), s (%)]
2 infyeuTII(L = 6y, 4 (%), I = 635, 15 (x7)]
> T[infyepI(1 = 8y pa()),
infieuI(1 = 8ij, s (%))
=T (s (%), use) (x:))

= tsns@) (X))
Therefore, 5(ANB) 2 §(4A) N §(B)

i 5 (anm) (XD = supxev T[1 = 8y, Heans) (%7)]
= supyey T[1 = 8, T (a (%), 15 (%5)]
< supyjey TIT (A = 835 1a(%), T (1 = 845, 15(%5)]
< T[supyjey T(1 = 85, a(x),
supy ey T(1 = 8y, ug ()]
=T (ﬂE(A) (x), H5B) (xi))
= #3(@05(3)(%)) 3 B
Thus, 5(A N B) 2 8(4) N 8(B)
i pscavs () = infy ey I[1 — 8ij tave(%7)]
= inijeu - 5ij'5(ﬂA(xj): Up (x]-)]
2 infyeyS[I(1 — 8 ta(%:), 71 = 835, pp(x;)]
> S [infyjeud (1 = 8ij a(xy),
infyevI(1 = 6y, ug(x;)]
= S (usca)y (i), useey (X))

= psayuse) (X))
Thus, 5 (AU B) 2 & (4) U 8 (B)

iv. #3((AUB))(XL') = SUPxjeu T[1 6y M(AuB)(xj)]
= supyeu TI1 = 6, S (1a(%)), 15 (7]
< supy;ey SIT( = 81, p1a(%), T4 = 815, 15 (7)]
< S [supyev T(1 = 6y, wa(xp),
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SUPx jeu Ta- 5ij:#3(xj)]
= S(HE(A)(XL')'HE(B)(XL'))
= Hsyuss) (x:))

Corollary3.12: If 7, § and V are the standard fuzzy
intersection, union and complement respectively and 7 is the
S-implicator based on 7. Then,

i. 8(ANnB)=45§(A)N4(B)
ii. 6(AUB) = 6(A)UdS(B)

Theorem3.13: If §* and 62 are two divergence measures on
F(P) with 6§'(A,B) < 62(A,B) , VA,B€ F(P) , then
3(4) = 5%(A)

Proof: 6'(4,B) < 6%(A,B),VA,B € F(P) = §';; < 6%;
=21-64;=21-6%;
= infyevd (1 - Slij:MA(xj))
2 infyeuT(1 = 6255, na(;))
= psiay (i) = pezeay(xi)
Thus, §1(4) = 52(A). Similarly, §1(4) = 62(4)

V. FEATURE SELECTION USING FUZZY BOUNDARY

REGION

This section describes an application of the divergence based
fuzzy rough approximations to feature selection. A feature
selection algorithm using fuzzy boundary regions of the
decision classes is presented. Both the lower and upper
approximations are taken into consideration.

Consider an information system having U = {xy, x5, ..., X, },
C ={ay,ay,..,ay}and D = {d;,d,, ..., dy}. Assume that all
the conditional attributes are fuzzy. The real valued
conditional attributes can be converted into fuzzy sets by the

transformation a*(x) = %, where p = min,¢ ya;(x) and
a = max,e ya;(x).

For crisp decision attributes, the characteristic functions of
the equivalence classes serve as the membership functions of
the decision classes. In [12], a feature selection method using
the divergence based fuzzy positive region is presented. The
fuzzy positive region may be considered as an expression of
the certainty of the membership of an object to a given class.
Meanwhile, the boundary region gives information regarding
the uncertainty of the membership of an object to a concept.
This information is also used to select relevant features in an
information system.

Definition4.1: The divergence based fuzzy boundary region
of a fuzzy set X on U with respect to the attribute subset P of
C is defined as

MBND(X)(xi) = U5 (x;) — Hs(a) (). ©)
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Definition4.2: The uncertainty degree of a fuzzy set X on U
with respect to P is given by

1p(X) = Sieq kBND ) (X0
P - .

n

(10)

Definition4.3: The total uncertainty degree of the decision
classes in a decision system with respect to P is given by

pp(D) = ZXEU/D np(X) (11)

Algorithm4.4: The algorithm for finding the total uncertainty
degree of D with respectto P < C,

1. Input the decision tableand P € C

Input 7 and 7.

Find the divergence matrix &p

Find the decision classes U/D = {X;, X5, ..., X, }
Forl=12,..,r, i=12,...,n find ugypx)(x;)
6. Compute pp(D)

akrwn

Algorithm4.4: The following is the algorithm to find the set
of features to be selected for the decision table reduction.

1. Input the fuzzy decision system

2. Initialise C < {C4,C,,...,Cp,}, R=¢

3. Foreach a; € C — R, generate the divergence
matrix with respect to R U {a;}.

4. Calculate the the total uncertainty degree of D,
Prue (D) foreach each a; € C —R.

5. Find the attribute a; that makes pgyq,;(D) the
minimum.

6. When pgyge;3(D) < pr(D), assign
C<C—R and R « RU{q;}.

In the first stage, the uncertainty value is computed n times,
where n represents the number of conditional features in the
data set. The feature with lowest uncertainty value is selected
and the process is repeated for pairs of the selected feature
with the remaining (n-1) features. In the worst case, this
process is terminated when the whole feature set has been
exhausted. Hence, the maximum possible number of
computation of the total uncertainty value isn+ (n—1) +
(m—2)+...+41 = (0> +n)/2. Thus, the maximum time
complexity of the proposed algorithm is o(n?) . Also, at the
initial stage, n divergence matrices are computed and stored
corresponding to each individual features. The space for all
the subsequent matrices and local variables can be reused.
So, the space complexity of the proposed algorithm is o(n).

V. EXPERIMENTAL RESULTS

The results from the experimental study of the proposed
algorithm using the divergence based fuzzy boundary region
is presented in this section. Eleven data sets from the UCI
Machine Learning repository[26] and one from the website
of Milano Chemometrics and QSAR Research Group have
been used for the experimentation. The data sets consist of
objects ranging from 120 to 4898 and decision classes
ranging from 2 to 34 and real valued features ranging from 5
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to 166 in number. The description of the data sets is given in
table 1.

Table 1. Data Set Description

Dataset Objects Features Decision Description
classes
Olitos[27] 120 26 4 Chemical analysis
Sonar-mines/ rocks 208 61 2 Mine/rock
recognition
Glass 214 10 7 Glass identification
Knowledge[28] 258 6 4 Knowledge level
classification
lonosphere 351 35 2 Structure analysis
Musk 476 166 2 Musk/non-musk
classification
Energy efficiency[29] | 768 10 2 Energy analysis
Plant leaves[30] 1600 65 34 Plant leaves
identification
Steel plate faults 1941 28 7 Steel plates fault
diagnosis
Segment 2310 20 7 Image
segmentation
Statlog 4435 37 7 Land sat satellite
data
Wine quality- 4898 12 7 Wine quality
white[31] analysis

The uncertainty degree corresponding to each single attribute
sets are computed first and the attribute with minimum
uncertainty degree is selected. Then, pairs of the selected
feature with the remaining features are considered and the
pair having the minimum value of uncertainty degree is
selected. This process is repeated unless there is no further
increase in the dependency value. In the worst case, the
process is terminated when the whole feature set has been
exhausted. The feature selection process is implemented
using a program in OCTAVE and the results are presented in
table 2.

Table 2: Reduct size

Dataset Objects  Features  Reduct Uncertainty
size degree
Olitos 120 26 17 0.716
Sonar- 208 61 31 0.659
mines/rocks
Glass 214 10 7 0.671
Knowledge 258 6 5 0.518
lonosphere 351 35 29 0.586
Musk 476 166 39 0.164
Energy 769 10 6 0.319
efficiency
Plant leaves 1600 65 34 0.930
Steel plates faults 1941 28 15 0.549
Segment 2310 20 11 0.419
Statlog 4435 37 21 0.72
Wine quality- 4898 12 9 0.912
white

The data presented in table 2 shows that the size of the
selected feature set (reduct size) is significantly less than the
original number of attributes in almost all the cases. The
algorithm converges even for data sets consisting of around
5000 objects.
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VI. CONCLUSION

Divergence measures are fuzzy measures that express the
extent of dissimilarity between fuzzy sets. In this paper, the
generalized fuzzy rough lower and upper approximations of a
fuzzy set in a fuzzy information system based on divergence
measure have been defined and their properties were
investigated. Also, an algorithm for feature selection using
the fuzzy boundary region has been presented. The proposed
feature selection method was implemented with twelve real
world data sets using an OCTAVE program. The data sets
consisted of objects ranging from 120 to 4898 and decision
classes ranging from 2 to 34 and real valued features ranging
from 5 to 166 in number. The experimental results showed
that the number of features in almost all the data sets
considered was considerably reduced by applying the
proposed algorithm. The algorithm converged even for data
sets containing approximately 5000 objects. Future work
includes a comparison of the methods using different
divergence measures and different fuzzy logical operators.
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