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Abstract— In this paper, we prove the set of all Pythagorean fuzzy matrices form a commutative monoid with respect to
algebraic sum and algebraic product. Also, the De Morgan's laws and Distributive laws are provided and we define the @
operations on Pythagorean fuzzy matrices and analyze its algebraic properties. Further, some results prove equalities and
inequalities of Pythagorean fuzzy matrices.
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I. INTRODUCTION and investigated their algebraic properties, they [15]

The concept of intuitionistic fuzzy matrix (IFM) was
introduced by Pal [4] and simultaneously by Im et.al [2] to
generalize the concept of Thomason's [19] fuzzy matrix.
Each element in an IFM is expressed by an ordered pair

! ! ..
<aij,aﬁ> . The sum a; +a; of each ordered pair is less

than or equal to 1. Since the appearance of IFM in 2001,
several researchers [9,10,18] have importantly contributed to
the development of IFM theory and its application, resulting
in greater success from the theoretical and technological
points of view. Muthuraji et.al [8] obtain a decomposition of
intuitionistic fuzzy matrix. In [2,3] the concept of the
determination theory and the adjoint of a square IFM were
studied. Also, they investigated their properties.Pal [11]
introduced the Intuitionistic fuzzy determinant and [5]
defined some basic operations and relations of IFMs
including maxmin, minmax, complement, algebraic sum,
algebraic product etc. and proved equality between IFMs.
Mondal and Pal [6] studied the similarity relations , together
with invertibility conditions and eigenvalues of IFMs. Emam
and Fndh [1] defined some kinds of IFMs, the max-min and
min-max composition of IFMs. Also, they derived several
important results of these compositions and construct an
idempotent IFM from any given one through the min-max
composition. Zhang [24] studied intuitionistic fuzzy value
and introduced the concept of composition two intuitionistic
fuzzy matrices. Sriram and Boobalan [18] studied the
properties of algebraic sum and algebraic product of
intuitionistic fuzzy matrices and prove that the set of all
intuitionistic fuzzy matrices form a commutative monoid.
In[14], we defined Hamacher operations on fuzzy matrices
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extended Hamacher operations to IFMs. Yager [20,21,22]
introduced the concept of the Pythagorean fuzzy set (PFS)
and developed some aggregation operations for PFS. The
PFS characterized by a membership degree and a
nonmembership degree satisfying the condition that the
square sum of its membership degree and nonmembership
degree is equal to or less than 1, has much stronger ability
than IFS to model such uncertain information in MCDM
problems. Zhang and Xu [25] defined some novel
operational laws of PFS and discuss its desirable properties.
In [16], we defined the Pythagorean fuzzy matrices and their

basic operations, they construct n4 and A" of a PFM A
and them desirable properties.

II. PRELIMINARIES

In this section, the basic concept of Intuitionistic fuzzy
matrix (IFM) , Pythagorean fuzzy set (PFS) and Pythagorean
fuzzy matrices (PFMs).

Definition 2.1. [4] An intuitionistic fuzzy matrix (IFM) is a

! f ti 1
ij,aij ol a nonnega 1ve rea

matrix of pairs A=(<a

numbers a
I,].
Definition 2.2.[25]Let a set X be a universe of discourse

A Pythagorean fuzzy set (PFS) P is an object having the
form P = (<x,P(/1p (x)v, (x) | (x e X)>) , where the

o a;. €[0,1] satisfying 0 < a; + al;. <1 for all

function £, : X —>[0,1] defines the degree of membership
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and v, : X —[0,1] defines the degree of non-membership
of the element xe X to P,
x € X ,itholds that (1, (x))* + (v, (x))* <I.

[17] Let A= (<a a>) and

ij°

respectively, and for every

Definition.  2.3.

(<by b >) be two intuitionistic fuzzy matrices of same

size mxn. Then

(i)Av B= (<max{ay,b }mm{ay,b }>)
(ii)AAB=(<m1n{al/,b }max{al/,b }>)
(iii) A°
(iv)A < B ifand only if a; Sbl.j and al.; Zbl.;
forall 7, j .

(V)A® B = (<aﬁ +b,
called the algebraic sum of 4 and B .
(vi)A®B=(<a b, a; +b; —a.b; >)

(< a;,a />) (the complement of A )

—ayb, ab>)

ij°

l_]’

called the algebraic product of 4 and B .
Definition 2.4. [16] A Pythagorean fuzzy matrix (PFM)

]]J

is apair 4= (<a a; >) of non negative real

numbers a;,a; €[0,1] satisfying aij2 —Hll,'j2 <1,

ij

forall 7, j .

Analogously Definition 2.3, we defined the following
operations on PFMs [16].

Definition 2.5.Given three PFMs, A, B and C of the basic
operations are

(i)Av B= (<max a b mm{a b}>)

i ij>

a;,b max{al/,b }>)

(i) A = (< a'y,a >) (the complement of A)

({)AAB= (<m1n

. . . ! !
(iv)A< B ifand only if @; <b, and a; > D;
forall 7, j .

_ 2 272
(v)A@PB—(< a2 +h—alblalp] >)
. 12 /2 12
() A©, B =({a,. a7+ =ai7)) . where
+,— and are ordinary addition, subtraction and

multiplication respectively.
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Definition 2.6.The mxn zero PFM O is a PFM all of
whose entries are <O,1>. The mx n universal PFM J is a

PFM all of whose entries are <1 , 0> )

ITII. SOME PROPERTIES OF PYTHAGOREAN
FUZZY MATRICES

In this section, new equalities and inequalities are obtained
and proved by means of some Pythagorean fuzzy operations

(@p s@PaVs/\)'

The relation between @, and ©, is established by the

following theorem.
Theorem 3.1.If A

A®,B>A®,B.

Proof. The ij " element

ofA@PB=(< a;+b;—a b’ a;b; >)

i

and B are two PFMs, then

46, B=({ab, e +b]7 -

2 2
a; +b bl] 2a.b, .
2 2 272 2712
=a;+b; —a;b; 2 a;b;
= a;(1-b;)+b;(1-a;) = 0 Which is true
. €[0,1]

Assume that

as a;,b

Similarly, we can prove a;b; < \/ al;z + bij'.2 -
Hence, A®,B>2A®, B

12112
a;°b;

Theorem 3.2.If A is any PFM,then
()(AD,A)= 4

() (AG, A)<A
Proof. (i) The ij " element of 4@ » A

2, 2 2y 12
is <«/a,;; +a,(1-a;),a; >
: [2, > 2 [2
Since yJa; +a;(1—a;) 2,/a; 2 a,

Also, al.'j2 <a;
= (4D, A)> 4

(ii) It can be proved analogously.
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The operators @, and © , are commutative as

well as associative.

Theorem 3.3.If A and B are two PFMs, then
()A®,B=B®, 4

(i)A®,B=B®, A

(il (A®, B)®,C=A®,(B®, C)
((V)(AG,B)®,C=4®,(B®,C)
Proof. The proof of (i) and (ii) are trivial.

(iii)(A®, B)®, C
2,12 22 2 2.0y 2
(@ +p2—ab}y+cl—(a;+b] —alb))cl,
rpr !
a;bc;
2 2 2 272 2 27,2 2.2 2 2 2
_ \/al:/+bi/.+ci/—ai/.bi/.ci/—ai/.b —b;c; +abc;,
’ r !
a;bc;
2 2 2 2722 2.2 2.2 2 2 2
_ \/aii+btfi+Clﬁi_aiibljcij_aiicij_b ¢; +azbycy,
- 3.1)
g
a;bc;
48, (B, C)

2 2 2 2.2 2,712 2 2.2
\/aij +(b; +c; —b;c;)—a;(b; +c; —bc;),

! r !
ai/.bijc,.j

2 2 2 272 2 2.2 2.2 2 2 2
=[<\/“i/ +by +c; —agbjc; —ayc; —bc; + aybic; ’>J(3 2)

r r !
a,.jb,.jclj

From (3.1) and (3.2), we get result (iii).
(iv) It can be proved analogously.

The operators @ and ® do not obey the De Morgan's
laws over transpose.
Theorem 3.4.If A and B are two PFMs, then

(i)(A®,B) =4"®, B

({i(A®, B =4"®, B’

(iii)If A<B then (4®,C)<(B®, C)
and (A©,C)<(B®,C)

Proof. The proof of (i) and (ii) are trivial.

(iii) Since A< B,a,; <b; and a;; > b;

2 2 2 2 o
Then \/a“(l—aij) < \/bi/(l—cé./),aijcy.

2 2 ror [N
:>\/a +c —ac <\/b +c; —blcy,ajciiz Cy; for

1 !
2 byc;

all i, j .
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Hence (4@, C)<(B®, ()
Similarly, we prove (4©, C)<(B©, C)

Theorem 3.5.I1f A and B are two PFMs, then

(i()A®, B=(Av B)

(i) A©,B<(Av B)

Proof. (i) Let < C;sC > and <d[j,d > be the 7" elements

of the PFMs A®@, B and AV B respectively.

1/a +b (1-a; )>a

2 2 2
b +a2(1-b2) > b,

c; =+Ja; +b2—a2b2>max{al],b} d;,

c; = ab; < mm{a b}=d{;

U’

_ 2 2 272
Now, ¢; = \/a; +bl,j —aijbij =

Thus, ¢, > dl.j and Cl.j < dl.j forall i, j .
Hence, A®, B> (Av B).

(i1) It can be proved analogously.

Theorem 3.6.If A and B are two PFMs, then
(()A®,B=(AAB)

(i1)A®, B<(AAB)

Proof. (i)Let < ;€ > and <d d; > be the ij" elements

ij 2

of the PFMs A@, B and A A B respectively.

Now,

4/a;+b2(1 a; )>a
c; = aij2.+b;—a;b; = '
i i i 5

Jb +a,](1 ,)Zbi],

_ 2 2 212
C; =4 +bl.j —al.jbl.j

>m1n{alj,blj} d,,c; =ab; < max{al],b'}Zd;.
Thus, ¢; Zdl.j and Cl.j Sdl.j forall i, j .

Hence, A®, B> (AAB)
(i1)It can be proved analogously.

Remark 3.7.For a,b €[0,1].

a+b a+b

Then, ab < <a+b-ab.

Theorem 3.8.If A and B are two PFMs, then
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()(AD, B)A(A®,B)=A®, B () AvB)®,C
(i) (AD, B)v(A®, B)=A®, B \/max PR — P
Proof. " 720 6 (3.3)
()(A®, B)A(AG, B) min{a,b} }
3 bZ_ 2b2 b}
_ mm{\/“ O 0 4 (4®,C)v (B®, C)
max{a bz’;:\/az"jz""bz’z‘z_a;fzbz'f"z} \/max a +c; —azcj,b2+c —bl2 2}
= ((abysJai +b7 =a787) min{alcl,blc,

=40, B

:(<\/max{a;(l—c;)+cy,b2(l—c;)+cl_} min{a}. b} } ] >)

(i1) It can be proved analogously.

We shall next examine the absorption and distributive

properties for PFMs under the operations @ p and ©, > N 5
which are combined with A and V. N <\/ma‘X {ai/' (1 _Ci/')’bi/' (1- ci/')} + c ,min {au ’b } >)

Theorem 3.9.1f 4 and B are two PFMs, then
()A®, (40, B)> 4 g
(i) A©, (4D, B)> 4 =(<\/max alj,b (1-c; )+cy,mm{alj,b } J>)
Proof.

(i)AGi‘)/ (A®, B) (<\/max al],b2 max{ay,bz}c +C mln{al],b} ]>)
> +ab; —a;(a;b;),

12 12712
az:f(\/aij +0;" —a;°b;")

(<\/max aU,b2 +c; —max{au,bz}cu,mln{ay,b} >)(3.4)

2 .
(<\/ +a b (1 a; )’ a; (\/1 (1- al/ )(1- bl/))>) From (3.3) and (3.4), we get the result (i).
> A (ii) It can be proved analogously.
(i1) It can be proved analogously. Theorem 3.11.If A , B and C are three PFMs, then

()A®,(BvC)=(A4®,B)v(4®,C)
We discuss the Distributivity law in the case the operation of .
algebraic sum, algebraic product, vV and A are combined (i)A®, (BvC)=(40, B)v(4©,C)

with each other. Proof.
()A®,(BvC)
2 2
Theorem 3.10.If A ,B and C are three PFMs, then — \/a +max {bl/’ } a max {blf € }’
@)(AvB)®,C=(A4®,C)v(BD, () a max{bl;, r}

lgz:;))s:l/\B)(@PCZ(A@PC)A(B®PC) (<\/m,mm{a bl }>)

© 2019, IJCSE All Rights Reserved 640
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If b@/ >c,

i

A®, (BvC)

_ 2 2 272 : 1y 1ot
= (<1 la; +b; —ab; ,mln{aijbij,ai/.cl./.}>)

(A®, B)v(4®, C)

AlSO_ 2 b2_ 2b2 : rb/ o
= Cl[j-f— ;i al.j l.j,mll'l al.j [j,aijc[j

Since bl.j > ¢ , then bij(l_aij)>cij(l_aij)

then

Thus, \Ja? +b] —aZb} > Ja} +cl —alc]
Similarly, if b, <c;,
then A®, (BvC)=(A®, B)v(4®, C)

Hence, A®, (BvC)=(A®, B)v(A®,C)

(ii) It can be proved analogously.

The following results are obvious.
Theorem 3.12.If A, B and C are three PFMs, then

()A®, (BAC)=(A®, B)A(AD, C)

(i)A®, (BAC)=(A®, ByA(4®, C)
(iii{(Av B)®,C=(4®,C)v(B®, C)
((VNAAB)®,C=(4®,C)A(B®,C)

The Proof of the following theorem follows from
Definition 2.5,Definition 2.6,

Theorem 3.13.If A and B are two PFMs, then
@)(AAB)®,(AvB)=A®, B

@)AAB)©,(AVvB)=AG,B

Theorem 3.14.If A is any PFM,then
(YA®, 0)= (0, 4)=
@)(AG,J)=(J®,A)=4

Theorem 3.15.If A is any PFM, then
(NAD, J)=(J @, A)=J

(i) (AG,0)=(00, A)=0

Theorem 3.16.If A is any PFM,then
(HAD, A#J

(i)AG, A+ 0

© 2019, IJCSE All Rights Reserved

Vol.7(4), Apr 2019, E-ISSN: 2347-2693

IV. RESULTS ON COMPLEMENT OF
PYTHAGOREAN FUZZY MATRICES

The operator complement obey the De Morgan's laws for

the operators @, and ©, . This is established in the

following property.

Theorem 4.1.If A and B are two PFMs, then
(i)YA®, B) =4°®, BC

(ii(A®,B) =4 ®, BC

(iii)(A®, B) < A° @, B¢

(V) (A©®,B) >4“®, BC

Proof. The proof (i) and (ii) are trivial.

(iii)(A®, B) = (<a;bi;.,«/a; vl —alb] >)
A°®, B =( (a7 40 a7 a b, )|
Since ajb) <.[a)’ +b]’ —a,’b]’

2 2 212
A /aij + bl;/ - aijbl.j > al.jblj

Hence (A®, B)“ < A° D, B¢

(iv) It can be proved analogously.

The proof of the following theorem follows from the
Definition 2.6.

Theorem 4.2.1f A is any PFM,then
(AG, A“>0
(i)A®, A < J.

V. THE @ OPERATION ON PYTHAGOREAN FUZZY
MATRICES

In this section, we define the @ operation on PFMs and
proved their algebraic properties. We discuss the

Distributivity laws in the case the operation s of @ rOp,

V and A are combined with each other.
Definition 5.1. Let 4 = (<aij,al,’j>),B = (<b]b;>)
be a two PFMs,the @ operation of PFM is

2 2 12 12
a; +b; \/alﬁf +b;
2 7 2

defined by A@B = \/

Theorem 5.2.If A is a PFMs, then A@A = A
Proof.
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2 2 12 12
A@A - \/al.j+ai/. \/ay. +ay
b
2 2

i} [
2°\ 2

=((a4}))

A

Theorem 5.3.I1f A ,B and C are three PFMs, then
(HA@(B v C)=(A@B) v (A@C)
(i A@(B A C) = (A@B) A (A@C)

Proof.

(O)(A@B) v (4@C)

1
\/Zmax{a +blj2,a +c}
l . { brz ¢2+ !2}
2m1n aa;
=(<\/%(a”+max bj, c; \/ (a + max b;z, ,'/2})>]

=A@(Bv ()
(i1) It can be proved analogously.

The proof of the following theorem follows from
Remark 3.7.

Theorem 5.4.If A and B are two PFMs, then
()(AD, B)A(A@B) = A@B

(@) (AD, B)v(AwB)=A®, B

(i) (A©, By)AN(A@B)=A®, B

@) (A©, B)v(A@B) = A@B

Proof.

In the following, we shall prove (i),(iii) and (ii),(iv)
can be proved analogously.

(I)(A®, B)A(A@B)
/a%+b?
2 [} [’
1laij+bl.jz.—a;bl.jz., # ,
B ’2+b-’-2
max y aby, [ ————
2
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2 2 12 12
\/ a; +b; \/ a;” +b;
2 7 2

- A@B
(iii)\(A® , B) A (A@B)

2 2
a; +b;
miny a,b, 4 |[——— ¢,
! 2
r2 r2
a.” +b.
12 12 12712 ij ij
max \/a,.j +b; —a; by | —————

2
= ({atyo o407 =a7))

=A40,B

VI. CONCLUSIONS

The set of all PFMs with respect to the operations @® p and

©, form a commutative monoid. We proved the De
Morgan's laws of PFMs and we discussed the Distributivity
laws in the case the operations of @ pr Op, V, A are

combined each other. Also, we defined the @ operation on
PFMs and proved their algebraic properties.
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